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A Quote

Can one say: ”Where there is no doubt, there is no knowledge either”?

— LudwigWittgenstein, On Certainty
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Introduction
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Discriminative Modeling

Task: Determining output 𝑦 from sample 𝑥.

We want a function

𝑓(𝑥) ≃ 𝑝(𝑦 ∣ 𝑥)

We do not learn anything about how data is
structured in space.
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Generative Modeling

Task: Model how data is distributed.

We learn
𝑝(𝑥)

We could then generate new samples: 𝑥 ∼ 𝑝(𝑥)

Evaluate the plausibility of a sample: 𝑝(x)
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Learning 𝑝(𝑥)
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Problem Setting – Generative Modeling

We have a specific finite collection of samples:

Dataset: 𝒟 = {𝑥𝑖}𝑁
𝑖=1

Samples: 𝑥𝑖 ∈ ℝ𝑑

Assume data samples have been drawn from an unknown underlying distribution:

𝑥𝑖 ∼ 𝑝data(𝑥)
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Problem Setting – Generative Modeling

Problem. 𝑝data cannot be computed.

However, we can parametrize a model distribution 𝑝𝜙(𝑥) such that:

𝑝data(𝑥) ≃ 𝑝𝜙(𝑥)
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Energy-Based Models

Given a generic function 𝑓𝜙 (parametrized by 𝜙), for
it to be a probability density function it must satisfy:

1 Non-Negativity. 𝑔𝜙(𝑥) ≡ 𝑒−𝑓𝜙(𝑥).
2 Normalization to 1. 𝑝𝜙(𝑥) ≡ 1

𝑍𝜙
𝑔𝜙(𝑥)

(𝑍𝜙 ≡ ∫
x

𝑔𝜙(x)).

1[Hinton & Sejnowski, 1985]
2[LeCun, Chopra &Hadsell, 2006]
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Energy-Based Models

Problem. Usually, 𝑍𝜙 is intractable.

However, we can bypass using it by:

1 Transforming it into an additive term: log 𝑝𝜙(𝑥) = log 𝑔𝜙(𝑥) − log𝑍𝜙.

2 Derivating w.r.t. to 𝑥:

∇𝑥 log 𝑝𝜙(𝑥) = ∇𝑥 log 𝑔𝜙(𝑥) −������:0∇𝑥 log𝑍𝜙
= −∇𝑥𝑓𝜙(𝑥)
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Score Matching
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Score Function

Definition
Given a probability density function 𝑝(𝑥), its score function 𝑠(𝑥) is:

𝑠(𝑥) ≡ ∇𝑥 log 𝑝(𝑥)
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Score Function
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Generate with Score

Langevin Dynamics.
1: Initialize 𝑥0, 𝜂
2: for 𝑡 ← 1 to 𝑇 do
3: z𝑡 ∼ 𝒩(0, I)
4: 𝑥𝑡 ← 𝑥𝑡−1 + 𝜂 s(𝑥𝑡−1) + √2𝜂 z𝑡
5: end for
6: return 𝑥𝑇
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Langevin Dynamics

∇𝑥 log 𝑝(𝑥) ∇𝑥 log 𝑝(𝑥) + z𝑡
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Langevin Dynamics
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Score Matching

To approximate 𝑠data(𝑥), we can find:

𝜙⋆ = min
𝜙

𝔼𝑥∼𝑝data
[‖𝑠𝜙(𝑥) − 𝑠data(𝑥)‖2]

And then employ 𝑠𝜙⋆(𝑥) to generate data.
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Score Matching

Problem. To compute 𝑠data(𝑥), we would need 𝑝data(𝑥).

However, it can be shown that 𝜙⋆ is:

𝜙⋆ = min
𝜙

𝔼𝑥∼𝑝data
[‖𝑠𝜙(𝑥) − 𝑠data(𝑥)‖2]

= min
𝜙

𝔼𝑥∼𝑝data
[Tr(∇𝑥 𝑠𝜙(𝑥)) + ‖𝑠𝜙(𝑥)‖2 ]

3[Hyvärinen, 2005]
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Score Matching – Norm Term

min𝜙 𝔼𝑥∼𝑝data [Tr(∇𝑥 𝑠𝜙(𝑥)) + ‖𝑠𝜙(𝑥)‖2 ]
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Score Matching – Trace Term

min𝜙 𝔼𝑥∼𝑝data [Tr(∇𝑥 𝑠𝜙(𝑥)) + ‖𝑠𝜙(𝑥)‖2 ]
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Score Matching – Trace Term
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Score Matching – Key Problems

1 Tr(∇𝑥 𝑠𝜙(𝑥)) is intractable – we would need to compute 𝑂(𝑛2) derivatives.

2 Score Matching usually gives accurate results in regions very close to the samples.

3 Manifold Hypothesis – no samples exist outside the manifold.
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Manifold Hypothesis
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Denoising Score Matching
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Denoising Score Matching

Perturbing data points 𝑥 randomly:

̂𝑥 = 𝑥 + 𝜎𝜖, 𝜖 ∼ 𝒩(0, I)

Determines a corruption process 𝑞𝜎( ̂𝑥|𝑥) ∼ 𝒩(𝑥, 𝜎2I):

𝑞𝜎( ̂𝑥) = ∫
𝑥

𝑞𝜎( ̂𝑥|𝑥) 𝑝data(𝑥) 𝑑𝑥

It can be proven that:
∇𝑥̂ log 𝑞𝜎( ̂𝑥) ≃ ∇𝑥 log 𝑝data(𝑥)

4[Vincent, 2010]
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Denoising Score Matching

Problem. Unfeasible:
𝑞𝜎( ̂𝑥) = ∫

𝑥
𝑞𝜎( ̂𝑥|𝑥) 𝑝data(𝑥) 𝑑𝑥

Solution - approximation:

𝑞𝜎( ̂𝑥) ≈ 1
𝑁

𝑁
∑
𝑖=1

𝑞𝜎( ̂𝑥|𝑥𝑖)
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Denoising Score Matching

The objective is:

𝜙⋆ = min
𝜙

𝔼𝑥∼𝑝data, 𝑥̂∼𝒩(𝑥, 𝜎2I) [∥ 𝑠𝜙( ̂𝑥) − ∇𝑥̂ log 𝑞𝜎( ̂𝑥|𝑥) ∥2]
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Denoising Score Matching

The objective is:

𝜙⋆ = min
𝜙

𝔼𝑥∼𝑝data, 𝑥̂∼𝒩(𝑥, 𝜎2I) [∥ 𝑠𝜙( ̂𝑥) − ∇𝑥̂ log 𝑞𝜎( ̂𝑥|𝑥) ∥2]
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𝜙

𝔼𝑥∼𝑝data, 𝑥̂∼𝒩(𝑥, 𝜎2I) [∥ 𝑠𝜙( ̂𝑥) − (− ̂𝑥 − 𝑥
𝜎2 ) ∥

2
]

= min
𝜙

𝔼𝑥∼𝑝data, 𝜖∼𝒩(0, I) [∥ 𝑠𝜙(𝑥 + 𝜎𝜖) + 𝜖
𝜎 ∥

2
]
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Denoising Score Matching

A fixed 𝜎 cannot actually yield to an usable model.
However, many 𝜎 can.
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Noise Conditional Score Networks
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Noise Conditional Score Networks

Select a sequence of noise levels: {𝜎𝑖}𝐿
𝑖=1, with 𝜎1 > 𝜎2 > ⋯ > 𝜎𝐿

Learn a score function s𝜙( ̂𝑥, 𝜎) to approximate ∇𝑥̂ log 𝑞𝜎( ̂𝑥 | 𝑥), ∀𝜎 and ∀𝑥.

4[Song & Ermon, 2019]
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Noise Conditional Score Networks

For a minibatch of size 𝑁 , the loss for a noise level 𝜎𝑖 is:

ℒ𝑖(𝜙) = 1
𝑁

𝑁
∑
𝑛=1

∥ 𝑠𝜙( ̂𝑥(𝑛), 𝜎𝑖) + ̂𝑥(𝑛) − 𝑥(𝑛)

𝜎2
𝑖

∥
2

ℒ𝑖(𝜙) = 1
𝑁

𝑁
∑
𝑛=1

∥ 𝑠𝜙(𝑥(𝑛) + 𝜎𝑖𝜖(𝑛), 𝜎𝑖) + 𝜖(𝑛)

𝜎𝑖
∥

2
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NCSN – Example
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Generate with NCSN

Annealed Langevin Dynamics.
1: Initialize 𝑥0
2: for 𝑖 ← 1 to 𝐿 do
3: 𝛼𝑖 ← 𝜖 ⋅ 𝜎2

𝑖 /𝜎2
𝐿

4: for 𝑡 ← 1 to 𝑇 do
5: z𝑡 ∼ 𝒩(0, I)
6: 𝑥𝑡 ← 𝑥𝑡−1 + 𝛼𝑖s(𝑥𝑡−1, 𝜎𝑖) + √𝛼𝑖 z𝑡
7: end for
8: 𝑥0 ← 𝑥𝑇
9: end for
10: return 𝑥𝐿
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NCSN – Training

Training
Input: dataset 𝐷, noise levels 𝜎1 > 𝜎2 > ... > 𝜎𝐿
Initialize network parameters 𝜃
while not converged do:

𝑥 ← sample from 𝐷
𝜎 ← sample uniformly from 𝜎1, ..., 𝜎𝐿
𝜖 ← sample from 𝒩(0, I)

̂𝑥 ← 𝑥 + 𝜎𝜖
𝑦 ← −𝜖/𝜎
ℒ ← ||𝑠𝜃( ̂𝑥, 𝜎) − 𝑦||2
update network parameters 𝜃

end while
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Noise Conditional Score Networks – Interlude
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Evolution of Diffusion Models

NCSN (2019)

DDPM (2020) Latent Diffusion (2022)
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Thank you!
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Hyvärinen Score Matching Result

𝜙⋆ = min
𝜙

𝔼𝑝data
[‖𝑠𝜙(𝑥) − 𝑠data(𝑥)‖2]

‖𝑠𝜙(𝑥) − 𝑠data(𝑥)‖2 = 𝑠𝜙(𝑥)2 + 𝑠data(𝑥)2 − 2 𝑠𝜙(𝑥) 𝑠data(𝑥)
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Hyvärinen Score Matching Result

𝑠data(𝑥) = ∇𝑥 log 𝑝data(𝑥)

𝔼𝑝data
[−2 𝑠𝜙(𝑥) 𝑠data(𝑥)] = −2 ∫

∞

−∞
𝑠𝜙(𝑥) 𝑠data(𝑥) 𝑝data(𝑥) 𝑑𝑥

= −2 ∫
∞

−∞
𝑠𝜙(𝑥) ∇𝑥𝑝data(𝑥)

𝑝data(𝑥) 𝑝data(𝑥) 𝑑𝑥

= −2 ∫
∞

−∞
𝑠𝜙(𝑥) ∇𝑥𝑝data(𝑥) 𝑑𝑥
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Hyvärinen Score Matching Result

−2 ∫
∞

−∞
𝑠𝜙(𝑥) ∇𝑥𝑝data(𝑥) 𝑑𝑥

= − ∫
∞

−∞
𝑠𝜙(𝑥) ∇𝑥𝑝data(𝑥) 𝑑𝑥

= − [𝑠𝜙(𝑥) 𝑝data(𝑥)] ∣
∞

−∞
+ ∫

∞

−∞
div (𝑠𝜙(𝑥)) 𝑝data(𝑥) 𝑑𝑥

=
�����������:0
− [𝑠𝜙(𝑥) 𝑝data(𝑥)] ∣

∞

−∞
+ 𝔼𝑝data

[div(𝑠𝜙(𝑥))]
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