
SARA GIURIATI - Università  degli Studi di Padova

Bertinoro 20-22 marzo 2026 

Dynamic Programming :

 from Fundamentals to 

Molecular Graph Distances

Mentor: Professor Zeynep Kiziltan



OUTLINE

Part 1: Introduction to Dynamic Programming

Part 2: Floyd-Warshall Algorithm

Part 3: Application of FW in Cheminformatics

History & Name Origin

Definition & Theoretical Bases

Example: Rod-cutting Problem 

What & How 

Comparison with Related Algorithms

Distance Computation in Molecular Graphs

A Use Case



1957
“Dynamic

Programming”
by

Richard
Bellman

World War II
Pierre Massé: hydroelectric dams

+
John von Neumann and Oskar

Morgenstern: games with 2 players
+

Turing “Banburismus”

1950
Memoization was
used by Claude
Shannon’s maze-
solving robot
“Theseus”

Timeline



“We had a very interesting gentleman in Washington named Wilson. He was
secretary of Defense, and he actually had a pathological fear and hatred
of the word “research”. I’m not using the term lightly; I’m using it
precisely. His face would suffuse, he would turn red, and he would get
violent if people used the term “research” in his presence. You can

imagine how he felt, then, about the term “mathematical”. . . .I felt I
had to do something to shield Wilson and the Air Force from the fact that
I was really doing mathematics inside the RAND Corporation. What title,

what name, could I choose?”

 Eye of the Hurriance, by Richard Bellman (1984)

Name Origin

Programming  = planning, scheduling

Dynamic = Futuristic Can-Do Zeitgeist of post WW II America



Technique used in designing and analyzing
efficient algorithms

Typically applied to optimization problems in
which a set choices are made to arrive at an
optimal solution

Each choice generates subproblems 

Subproblems are repeated => store their solution
not to have to recompute them!

What Is Dynamic Programming?



Rod Cutting Problem

Given a rod of length n inches and a
table of prices  for i = 1, 2, ..., n,
determine the maximum revenue rn
obtainable by cutting the rod and
selling the pieces 

Note: If the price pn for a rod is
large enough, an optimal solution
might require no cutting at all

p1    1
p2    5
...

pn   20



Steps to
Develop a

DP
Algorithm

1.Structure the optimal solution

2.Recursively define the value of an

optimal solution

3.Compute the value of an optimal

solution, typically in a bottom-up

fashion

4.Construct an optimal solution from

computed information



Optimal decomposition:

Corresponding revenue:

Example
Length

i
1 2 3 4 5 6 7 8 9 10

Price
pi

1 5 8 9 10 17 17 20 14 30



Length
i

1 2 3 4 5 6 7 8 9 10

Price
pi

1 5 8 9 10 17 17 20 14 30

Example

CANNOT BE CUT

1) NO CUTS = 5 2) + = 1 + 1 = 2 < 5

Subproblems



Length
i

1 2 3 4 5 6 7 8 9 10

Price
pi

1 5 8 9 10 17 17 20 14 30

Example

1) NO CUTS = 8

2) + = 1 + 1 + 1 = 3 < 8+

3)

4)

+

+

= 5 + 1 = 6 < 8

= 1 + 5 = 6 < 8

Repeated
subproblems



Commutative
property of the

sum

Mathematical
Generalization



In general
Mathematical
Generalization



Dynamic
Programming

vs 
Divide and
Conquer

They both solve problems by combining
the solutions to subproblems

Divide-and-Conquer
when subproblems are

disjoint 

Dynamic-Programming
when subproblems

share subsubproblems



Solving any particular subproblem

depends only on solving “smaller”

subproblemsBottom-up
Approach



1.Solve the subproblems in size order,

smallest first

2.Store the solution to each

subproblem when it is first solved

3.Use the stored data to compute the

next value

Bottom-up
Approach



Rod Cutting Problem
Divide-and-conquer

RodCutRec(p,n)
if n == 0
  return 0
q = 
for i = 1 to n
  q = max{q,p[i]-RodCutRec(p,n-i)}
return q 

3

2 1 0

1

0

0 0

Compute

Legend:



Rod Cutting Problem
Dynamic Programming: bottom-up 3

2 1 0

1

0

0 0

Compute
+

store

Legend:

Reuse
0 1 2 3

Memory

Access

BottomUpCutRod(p,n)
let r[0:n] be a new array
r[0] = 0
for j = 1 to n 
  q = 
  for i = 1 to j
     q = max{q, p[i]+r[j-i]}
  r[j] = q
return r[n]



Top-down
Approach

 + 
Memoization

Store the results already computed

in order not to have to recompute

them when they are repeated



1.Write the procedure recursively

in a natural manner

2.Modify the algorithm to save

the result of each subproblem

(usually in an array or hash

table)

Top-down
Approach

 + 
Memoization



Rod Cutting Problem
Dynamic Programming: top-down 3

2 1 0

1

0

0 0

Compute

Legend:

Memoize

Reuse
0 1 2 3

Memory

Access

MemoizedCutRod(p,n)
let r[0:n] be a new array
for i = 0 to n 
  r[i]=
return MemoizedCutRodAux(p,n,r)

MemoizedCutRodAux(p,n,r)
if r[n]   0
  return r[n]
if n == 0
  q = 0
else q = 
     for i = 0 to n
         q = max{q, p[i] + MemoizedCutRodAux(p,n-i,r)}
r[n] = q
return q 



Time
Complexity

demo for curious minds!
Time

Space

https://colab.research.google.com/drive/1A_yBPWOX0Jjl2-Qfsu2MkQIMQdngmcFZ?usp=sharing


Floyd-Warshall Algorithm
1962



Given a weighted, directed graph G(V,E) and a weight function
w: E → R, the goal is to find, for every pair of vertices 
u,v   V, a shortest (least-weight) path from u to v, where the
weight of the path is the sum of the weights of its constituent
edges

All-Pairs
Shortest
Paths



Shortest Path

  
Let V = {1,2,...n}

Take a V’  V = {1,2,...,k} for some 1  k  n

For any pair i,j  V, consider all paths from
i to j whose intermediate vertices comes from
V’ and let p be a shortest path 

Legend:
Subset of vertices

Shortest path p

Intermediate vertex



k is NOT an
intermediate

vertex
Observation 
If k is not an intermediate vertex:

=> all intermediate vertices of path p      
{1,2,...,k-1} 

=> a shortest path with all intermediate

vertices  {1,2,...,k-1} is also a shortest path

with all intermediate vertices   {1,2,...,k} 

Legend:
Subset of vertices

Shortest path p

Intermediate vertices



k IS an
intermediate

vertex Observation 
If k is an intermediate vertex of path p
=> decompose p into i → k → j

=> p1 = i  k is a shortest path from i to k
with all intermediate vertices  {1,2,...,k-1}

=> p2 = k  j is a shortest path from k to j
with all intermediate vertices  {k+1,...,j} 

Legend:
Subset of vertices

Shortest path p1 from 1 to 4
Intermediate vertices

Shortest path p2 from 4 to 5



Mathematical
Definition

Distances Matrix

Predecessors Matrix



AND edge  from  to 

AND no edge from  to 

Borcelle / Shooting Febbraio 24

When k = 0 

1

2

How
It

Works

3



Borcelle / Shooting Febbraio 24

When k > 0 

is not an 
intermediate node

is an 
intermediate node

How
It

Works

1

2

3

1

2

3



Pseudocode

Floyd-Warshall(W,n)
      W
foreach    in 
  if 

for k = 1 to n do
  D(k) =     be a new n   n
  for i = 1 to n do
      for j = 1 to n do   

return  

Time complexity:
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Reconstruction

2 1

4 3 4

1 2 3 4 5

1
2
3
4
5

Which is the shortest path
from 3 to 1?



Time Complexity 

V

Time complexity
Dense
graphs

Floyd-Warshall 

Johnson

Dijkstra

Bellman-Ford

Negative
weights

(no negative cycles)

Algorithms 
&

Complexity

Bellman-Ford Dijkstra

Johnson

Floyd-Warshall 



Floyd-Warshall Algorithm
in Cheminformatics
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Intuitively
Butanol:



1
1
1

FW for Molecular Distance
Butanol:

In practice

1 Compute the
squared distance
between every pair
of atoms given
their 3D
coordinates



1
1
1

FW for Molecular Distance

In practice

2 Compute the
threshold that
identifies the
presence of a bond
between two atoms

Atomic radius (pm)
The reported atomic radius values are estimated
relative to the distance between the nuclei of two
adjacent atoms in a molecule or in a crystal. For the
noble gases, the reference is the distance between
atoms bound by van der Waals interactions, rather
than by a covalent bond.



1
1
1

FW for Molecular Distance

In practice

3 Compare the
distance and the
threshold: there
is a bond if

Pure covalent bond

Polar covalent bond

Ionic bond



1
1
1

FW for Molecular Distance

Butanol:

In practice

4 Assign to each
bond weight 1
Apply the
Floyd-Warshall
algorithm

Demo for curious minds!

https://colab.research.google.com/drive/1JYLBOqMMah0MGwZEL3rhWtaYPQFGrdn8


A Use Case

Smallest Set of Smallest Rings (SSSR):
fundamental task in chemical parsing



Smallest Set
of Smallest

Rings
1 2

3

4

5
67

Example

connected graph with:



Mathematical
Definition
of SSSR

1 2
3

4

5
67

1 2
3

4

5
67

1

2

2 3

4

5

6

67

Cycle in a graph = non empty sequence of
adjacent edges in which only the first
and the last nodes repeat 

Cycle space:

The theoretical number of SSSR is given by
Euler rule:



The three points  ,  and  are members of
a ring if the edges of the three shortest
paths       ,       and        
are not shared among them

SSSR 
&

 Shortest
Path

We define a ring as:

HORTON’S METHOD



Horton’s
Method Steps
and Warnings

1 Run the Floyd-Warshall algorithm to
obtain the shortest distance matrix

2 Obtain the shortest paths from
the predecessor matrix: TIME
CONSUMING

3 Consider all possible
combinations of one point and two
points connected by a edge: TIME
CONSUMING

Overall complexity:



Path-
Included
Distance
Matrices

1 2
3

4

5
67

1 2 3 4 5 6 7

1
2
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4
5
6
7
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3

4 5 6 7
1

3

5

7

2

4
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Example

Note that: 
1.
2. both shortest paths => even ring,otherwise odd 



Procedure
P

1 2
3

4

5
67

Example

1.Identify the set of
all cycles C

2.Order the members of C
by ascending edge
count

3.Create an empty set
that will contain the
SSSR

4.Add the first member C
to 

5.For each remaining
cycle in C,add it only
if it is not the sum
of cycles already
added to       (XOR) 



PID Method
vs

Horton’s
Method

Horton’s method

Ring search

PID method

Time

Space

Distance
matrix

calculation

Distance
matrix

calculation

Ring candidate
search

sort

Finding MCB (SSSR)

sort

Finding SSSR

Observation:
If:

Legend:
n = number of vertices
m = number of edges
a = number of cycles
a’= ring candidates
k = number of min paths
from i to j



“Those who cannot remember the past are
condemned to repeat it”

 Jorge Agustín Nicolás Ruiz de Santayana y Borrás, The Life of Reason (1905)
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