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Motivation



Given a sorted array of integers 𝑨[𝟏…𝒏], and a query 𝒒 ∈ ℤ find the index of 𝒒 in the array.
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Motivating example: Search in a sorted array



Given a sorted array of integers 𝑨[𝟏…𝒏], and a query 𝒒 ∈ ℤ find the index of 𝒒 in the array.
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Motivating example: Search in a sorted array

Number of comparisons:
≤ log2 𝑛



Given a sorted array of integers 𝑨[𝟏…𝒏], and a query 𝒒 ∈ ℤ find the index of 𝒒 in the array.
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Motivating example: Search in a sorted array

Running time: 
𝑂(log𝑛)

Can we make less
comparisons?
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Motivating example: Search in a sorted array
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1st IDEA:
If someone tells us the correct position, 

we can make only one comparison and obtain
optimal performances.

Motivating example: Search in a sorted array
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1st IDEA:
If someone tells us the correct position, 

we can make only one comparison and obtain
optimal performances.

Motivating example: Search in a sorted array
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Motivating example: Search in a sorted array

Check if the query element 𝒒 is in the predicted position. If not, it means 𝒒 ∉ 𝐴.
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Motivating example: Search in a sorted array

What happens if the predictor is wrong?
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2nd IDEA:
If the predictor is wrong, our algorithm shouldn’t fail or run the 

standard binary search, but exploit the prediction
in some other way to find the item. 

Motivating example: Search in a sorted array



1. If the element in the predicted position is not the query element 𝒒, 
assess whether it’s smaller or larger and proceed by doubling search

(query at distance 2i for i = 1,2, . .) until a range is found;
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Motivating example: Search in a sorted array
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Motivating example: Search in a sorted array

1. If the element in the predicted position is not the query element 𝒒, 
assess whether it’s smaller or larger and proceed by doubling search 

(query at distance 2i for i = 1,2, . .) until a range is found;



2.  Then, proceed with binary search on that range.
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Motivating example: Search in a sorted array



Does it make less comparisons than binary search?
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Motivating example: Search in a sorted array



Does it make less comparisons than binary search?

3rd IDEA:
Since performance depends on prediction accuracy, we study it 

as a function of the prediction error.
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Motivating example: Search in a sorted array



Comparisons:

≤ log2 𝜂

1st phase: Doubling Search 2nd phase: Binary Search
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Comparisons:

≤ log2 𝜂

Motivating example: Search in a sorted array

If 𝜂 ≤ 𝑛 ⟹ 2log2 𝜂 ≤ log2 𝑛



Comparisons:

≤ log2 𝜂

1st phase: Doubling Search 2nd phase: Binary Search
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Comparisons:

≤ log2 𝜂

Motivating example: Search in a sorted array

Always 𝜂 ≤ 𝑛 ⟹ 2log2 𝜂 ≤ 2log2 𝑛
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1st IDEA: 
use a predictor to obtain better performances for our 

algorithms.

2nd IDEA: 
integrate the predictions into an algorithm to obtain good 

solutions even if the predictor is wrong.

3rd IDEA: 
study the performances of the algorithm with respect to the 

prediction error. 

Take-away: Ideas
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Online algorithms

OMLA = Online with Machine Learned Advice
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Competitive Ratio

𝑪𝑶𝑴𝑷𝑬𝑻𝑰𝑻𝑰𝑽𝑬 𝑹𝑨𝑻𝑰𝑶 =
𝑐(𝑂𝑁𝐿)

𝑐(𝑂𝐹𝐹)

Online algorithms
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An online algorithm is γ competitive if the cost of its
solution is at most γ  times the cost of the corresponding

offline algorithm.

Competitive Ratio

𝑪𝑶𝑴𝑷𝑬𝑻𝑰𝑻𝑰𝑽𝑬 𝑹𝑨𝑻𝑰𝑶 =
𝑐(𝑂𝑁𝐿)

𝑐(𝑂𝐹𝐹)
≤ γ

Online algorithms
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Lykouris

OMLA model

Vassilvitskii
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OMLA model - Algorithm
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Consistency Robustness

OMLA model - Goals
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An online algorithm is 𝛽-consistent
if its competitive ratio c 𝜂 when the
prediction error 𝜂 is zero is at most 𝛽.

Consistency Robustness

𝑐 𝜂 = 0 ≤ 𝛽

OMLA model - Goals
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An online algorithm is 𝛼 𝜂 -robust if its 

competitive ratio c 𝜂 is non-decreasing

and

An online algorithm is 𝛽-consistent
if its competitive ratio c 𝜂 when the
prediction error 𝜂 is zero is at most 𝛽.

Consistency Robustness

𝑐 𝜂 = 0 ≤ 𝛽 ∀𝜂 𝑐 𝜂 ≤ 𝛼 𝜂

OMLA model - Goals



Ski Rental 
problem
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Example: Ski Rental problem

One random skier



34

Example: Ski Rental problem

A skier doesn’t know the total number of days he will ski 𝑡(𝑑)

The goal is to spend the least possible amount of money.



35

Example: Ski Rental problem
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Example: Ski Rental problem

Buy the skis if 𝑡(𝑑) ≥ 𝑏, else rent daily.
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Example: Ski Rental problem

ONLINE PROBLEM

Classic online algorithm

Trusting predictions blindly

Robust algorithm

Algorithms with
predictions



Classic online
algorithm
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Competitive ratio ≤ 2

Classic online algorithm

Rent skis for b days, then buy them on day b+1
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Competitive ratio ≤ 2

Classic online algorithm

Rent skis for b days, then buy them on day b+1

When a skier goes skiing, 
there are 2 cases:
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Competitive ratio ≤ 2

Classic online algorithm

Rent skis for b days, then buy them on day b+1

When a skier goes skiing, 
there are 2 cases:
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Competitive ratio ≤ 2

Classic online algorithm

Rent skis for b days, then buy them on day b+1

When a skier goes skiing, 
there are 2 cases:
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Classic online algorithm

If 𝑡(𝑑) ≤ 𝑏, then the algorithm is optimal.

Rent skis for b days, then buy them on day b+1
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Classic online algorithm

Otherwise, the cost is exactly 2𝑏, while the optimal is 𝑏

Rent skis for b days, then buy them on day b+1



Algorithms
with

predictions
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Prediction: total number of skiing days ℎ(𝑑)

Ski Rental predictions



Trusting
predictions

blindly



Buy the skis if ℎ(𝑑) ≥ 𝑏, else rent daily
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Trusting predictions blindly

Competitive ratio ≤ ???
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In the worst case ℎ(𝑑) ≥ 𝑏, and the competitive ratio is bounded by 𝑏.

Buy the skis if ℎ(𝑑) ≥ 𝑏, else rent daily

Trusting predictions blindly
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In the worst case ℎ(𝑑) < 𝑏, and the competitive ratio is bounded by 
𝑡(𝑑)

𝑏
.

Buy the skis if ℎ(𝑑) ≥ 𝑏, else rent daily

Trusting predictions blindly
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Competitive ratio ≤ 𝒎𝒂𝒙 𝒃,
𝒕(𝒅)

𝒃

The algorithm is consistent, but not robust.

Buy the skis if ℎ(𝑑) ≥ 𝑏, else rent daily

Trusting predictions blindly



Robust
algorithm



Introduce a parameter λ ∈ [0,1].
If ℎ(𝑑) > 𝑏, buy skis on day λ𝑏 , else on day 𝑏/𝜆
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Robust algorithm



Introduce a parameter λ ∈ [0,1].
If ℎ(𝑑) > 𝑏, buy skis on day λ𝑏 , else on day 𝑏/𝜆
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Robust algorithm



Introduce a parameter λ ∈ [0,1].
If ℎ(𝑑) > 𝑏, buy skis on day λ𝑏 , else on day 𝑏/𝜆
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Robust algorithm
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Even if ℎ(𝑑) ≥ 𝑏, we wait day λ𝑏 = 5 to buy.

Introduce a parameter λ ∈ [0,1].
If ℎ(𝑑) > 𝑏, buy skis on day λ𝑏 , else on day 𝑏/𝜆

Robust algorithm
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Even if ℎ(𝑑) < 𝑏, we buy on day 𝑏/𝜆 = 8.

Introduce a parameter λ ∈ [0,1].
If ℎ(𝑑) > 𝑏, buy skis on day λ𝑏 , else on day 𝑏/𝜆

Robust algorithm
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Competitive ratio ≤ 𝟏 +𝒎𝒊𝒏
𝟏

𝝀
, 𝝀 +

𝜼

(𝟏−𝝀)𝑶𝑷𝑻

It’s (𝟏 + 𝝀) − consistent and (𝟏 + 𝟏/𝝀) − robust

Robustness and Consistency trade-off
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Take-away: Consistency and Robustness

When designing Algorithms with Predictions, we shouldn’t 
trust blindly the predictions, but always ensure 

robustness: our algorithms should 
work well even with high prediction errors.
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The input is given as a stream of elements. At each point in time
a data structure is updated and, if requested, an (approximate)

solution for a certain problem is given.

Streaming problems



What
works
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Given a set of elements 𝑈, a subset 𝑆 ⊆ 𝑈 and an item 𝑞 ∈ 𝑈, 
assess wheter 𝑞 ∈ 𝑆 or not.

Set Membership problem



64

Set Membership problem

Given a set of elements 𝑈, a subset 𝑆 ⊆ 𝑈 and an item 𝑞 ∈ 𝑈, 
assess wheter 𝑞 ∈ 𝑆 or not.
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Bloom Filters
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Bloom Filters
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Bloom Filters
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Predictor classifies every item as

being part of 𝑆 or not

Learned Bloom Filters
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Learned Bloom Filters: Experiments



What
doesn’t work
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Given a set of elements 𝑈, for each item 𝑢 ∈ 𝑈 keep an estimate of its absolute 
frequency in the stream 𝑓𝑢 = |{𝑗 ∶ 𝑥𝑗 = 𝑢, 1 ≤ 𝑗 ≤ 𝑛}|

Frequency Estimation problem
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Frequency Estimation problem

Given a set of elements 𝑈, for each item 𝑢 ∈ 𝑈 keep an estimate of its absolute 
frequency in the stream 𝑓𝑢 = |{𝑗 ∶ 𝑥𝑗 = 𝑢, 1 ≤ 𝑗 ≤ 𝑛}|
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Count Min Sketch



74

Count Min Sketch
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Count Min Sketch
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Learned Count Min Sketch

Predictor classifies an item as 

heavy hitter or not.
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Learned CMS: Experiments

Counters Counters
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Something in this comparison is strange

Learned CMS: Experiments

Counters Counters
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Is the number of counters representative of the total memory of the approach?

What about the
memory of the 

predictor?

Learned CMS: Experiments

Counters Counters
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Learned CMS: Experiments

Counters Counters

The memory needed for the RNNs implemented correspond to ≈13.000 counters
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1. The cost of the model is not fully accounted for. 

2. Authors may assume the existence of an error-free oracle.

Take-away: Pitfalls in the Experiments



Algorithms with Predictions is a strong framework which is 
based on simple ideas.

When designing Algorithms with Predictions, we should always
focus on both consistency and robustness.

When analysing Algorithms with Predictions, we should ensure that the 
comparison is fair and all costs have been taken into account.

Take-away



To be continued…
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Array A of 𝑚 bits

𝑘 independent hash functions ℎ1, … ℎ𝑘

Bloom Filters



89

Bloom Filters

Initialization: set all bits to 0. 

For each element 𝑞 ∈ 𝑆, set ℎ1 𝑞 , ℎ2 𝑞 ,…ℎ𝑘 𝑞 to 1.
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Bloom Filters

Initialization: set all bits to 0. 

For each element 𝑞 ∈ 𝑆, set ℎ1 𝑞 , ℎ2 𝑞 ,…ℎ𝑘 𝑞 to 1.
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Bloom Filters

Initialization: set all bits to 0. 

For each element 𝑞 ∈ 𝑆, set ℎ1 𝑞 , ℎ2 𝑞 ,…ℎ𝑘 𝑞 to 1.
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Bloom Filters

Initialization: set all bits to 0. 

For each element 𝑞 ∈ 𝑆, set ℎ1 𝑞 , ℎ2 𝑞 ,…ℎ𝑘 𝑞 to 1.
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Bloom Filters

Membership test:

𝑞 ∈ 𝑆 ⟺ 𝐴 ℎ1 𝑞 = 𝐴 ℎ2 𝑞 = ⋯ = 1
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Bloom Filters

The false positive rate is:

𝑝 𝑞 is said to be in 𝑆 even if it’s not ≃ 1 − 𝑒−𝑘𝑚/𝑛 𝑘



CMS
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Count Min Sketch
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Count Min Sketch
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Count Min Sketch
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Count Min Sketch
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Count Min Sketch
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Count Min Sketch
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Count Min Sketch

If we set 𝑟 = 𝑙𝑜𝑔2(1/𝛿) and 𝑤 = 2/𝜖, the estimation error for any 

item of a stream of length 𝑛 is:

෡𝑓𝑢 − 𝑓𝑢 ≤ 𝜖 ⋅ 𝑛

with probability ≥ 1 − 𝛿. 
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