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A simplified model for Transformer
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Input = I ⊂ Σ*



A simplified model for Transformer
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Input = I ⊂ Σ* | input | = n

∀w ∈ I w ↦ x ∈ ℝd

Q = XWQ WQ ∈ ℝd×dk

K = XWK WK ∈ ℝd×dk

V = XWV WV ∈ ℝd×dk

Query

Key

Value
x ↦

Embedding

X ∈ ℝn×d



A simplified model for Transformer
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Self-attention

softmax ( QKT

dk ) V

Self attention



A simplified model for Transformer
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Feed-forward network

FFN(s) = W1σ(W2s + b1) + b2

b1 ∈ ℝdff, b2 ∈ ℝd
W1 ∈ ℝdff×d, b2 ∈ ℝd×dff

Feed Forward Layer



A simplified model for Transformer
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Multiple Layers

Repeated  times T ≥ 1



A simplified model for Transformer
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Input = I ⊂ Σ*

z ∈ ℝn×d



 What is the computational model for a Transformer?
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 [Q] What is a computational model ?

“A computational model is a formal abstraction of 
computation, used to: 

1. Reason about what can be computed and with what 
resources. 

2. Which architectural mechanisms coincide with 
computational primitives”



Some examples of computational models

Recurrent Neural Network

Convolutional Neural Network

Classical Computer Turing machine

Finite state automata

Localized Boolean Circuit

… and more!



 Q What is the goal of formalizing a computational model for a transformer?
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Neural architecture Formal abstraction Expressivity analysis

Mechanistic 
Interpretability

Which functions can be expressed?

How does the model compute it?Human-readable sequence program



What is a computational model for a transformer?

Restricted Access Sequence Processing Language 

RASP
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RASP

Def RASP is an abstraction of a  programming language 

15



RASP

Def RASP is an abstraction of a  programming language 

16

set of instructions that enables humans to communicate with 
computers to turn “ideas” into instructions computers can 

understand and execute



RASP

Def RASP is an abstraction of a  programming language 

17

set of instructions that enables humans to communicate with 
computers to turn “ideas” into instructions computers can 

understand and execute

RASP is NOT a language we directly execute



RASP —The computational model
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[Input] Tokens ≡ x ∈ ℝn

Indices  ≡ [0,…, n − 1]

[Output]

sequences

z ∈ ℝn

RASP program
y ∈ ℝn

A ∈ {T, F}n×n



Relation to Transformer
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How do the RASP operations compile to describe the information flow of a 
transformer architecture?

Embedding

indices

tokens [a1, a2, …, an]

[0,1,…, n]

≈ x ∈ ℝn×d

≈ positional encoding



The computational model
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Sequences can be transformed into other sequences using:  

Element-wise operations 

Select 

Aggregate



The computational model
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Select
select : ℝn × ℝn × ℙ{0,1} → {T, F}n×n

select(k, q, p) = S : S[i, j] = p(qi, kj) i, j ∈ [n]

(k, q, p) ↦ S k, q ∈ ℝn, p ∈ ℙ{0,1}, S ∈ {T, F}n×n



The computational model
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Select

select(k, q, p) = S : S[i, j] = p(qi, kj) i, j ∈ [n]

(k, q, p) ↦ S k, q ∈ ℝn, p ∈ ℙ{0,1}, S ∈ {T, F}n×n

select([0,1,2], [1,2,3], < ) = [
T T T
F T T
F F T]

22

select : ℝn × ℝn × ℙ{0,1} → {T, F}n×n

0
1
2

1 2 3



The computational model
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Aggregate

aggregate : ℝn×n × ℝn → ℝn

aggregate_row(S, v) = s : s[i] = row(v[ j]) ∀j where S[i][ j] = T

(S, v) ↦ s S ∈ ℝn×n, v ∈ ℝn, s ∈ ℝn



The computational model
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Aggregate

aggregate : ℝn×n × ℝn → ℝn

aggregate_row(S, v) = s : s[i] = row(v[ j]) ∀j where S[i][ j] = T

(S, v) ↦ s S ∈ ℝn×n, v ∈ ℝn, s ∈ ℝn

aggregate_avg([
T F F
T T F
T T T], [10,20,30]) = [

10
1

,
10 + 20

2
,

10 + 20 + 30
3

] = [10,15,20]



The computational model
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A particular case of aggregate

selector_width

selector ↦ s − op

 S(i, :) ↦
n

∑
j=1

1S(i,j)=T ∀i ∈ [n]

≡ aggregate_count : (S, 1n) ↦ t ∈ 𝔻n

selector_width([
T F F
T T F
T T T]) = [1,2,3]



Relation to Transformer
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How do the RASP operations compile to describe the information flow of a 
transformer architecture?

Self-attention

Aggregate_row(Select( ⋅ , ⋅ , p), s − op) ≈ softmax ( QKT

dk ) V



The computational model
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Element-wise operations 

Given ,   an element-wise operator


   such that  

s = [s0, …, sn−1] t = [t0, …, tn−1] ∈ 𝔻n

f : 𝔻 × 𝔻 → 𝔻 f(s, t)i = f(si, ti) ∀i ∈ [n]



The computational model
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Element-wise operations 

s = [1,2,3]

t = [4,5,6]

s + t = [s0 + t0, s1 + t1, s2 + t2] = [1 + 4, 2 + 5, 3 + 6] = [5,7,9]

s + k = [s0 + k, s1 + k, s2 + k] = [1 + k, 2 + k, 3 + k] k ∈ ℤ

Given ,   an element-wise operator


   such that  

s = [s0, …, sn−1] t = [t0, …, tn−1] ∈ 𝔻n

f : 𝔻n × 𝔻n → 𝔻n f(s, t)i = f(si, ti) ∀i ∈ [n]

∈ ℤ3



Relation to Transformer
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How do the RASP operations compile to describe the information flow of a 
transformer architecture?

≈

Element-wise operations 

s + t = [1 + 4, 2 + 5, 3 + 6] = [5,7,9] W [s
t] W ∈ ℝ3×6



Relation to Transformer
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How do the RASP operations compile to describe the information flow of a 
transformer architecture?

Input embedding (vector + PE)indices tokens

Feed forward layers

softmax ( QKT

dk ) V

Element-wise operations

Select Aggregate Attention layer+



An example
EXPRESSIVITY - THE IDEA 
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Find a RASP program  which solves  P f

Given a task  , can it be computed by a certain architecture transformer?f

If such program exists There exists a transformer which 
computes that task



An example: sorting 
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Sort a string

[Input]: s = (s0, …, sn−1) ∈ L ⊆ Σ*

[Output]: s′￼ ∈ Σ* : s′￼ = π(s) = (sj0, …, sjn−1
), sjk ≤ sjk+1 ∀k ∈ [n]

 sort(“cab”) = “abc”



sort(s, t) { 

larger  = select(keys, keys, >) or 
(select(keys, keys, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new =  
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string

sort([c,a,b]) = [a,b,c]

 t = s =[c,a,b] (= tokens)
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 indices = [0,1,2] 

IDEA: 

For each token, count how many 
tokens should appear before it 
in the sorted order (t)

≡
Target positions

Transform s accordingly



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

An example: sorting
Sort a string
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sort([c,a,b]) = [a,b,c]

 t = s =[c,a,b] (= tokens)

 indices = [0,1,2] 



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string

35

[
F T T
F F F
F T F]

sort([c,a,b]) = [a,b,c]

 t = s =[c,a,b] (= tokens)

c
a
b

c a b

 indices = [0,1,2] 



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string

36

[
F T T
F F F
F T F]OR [

T F F
F T F
F F T]AND[

F F F
T F F
T T F]

sort([c,a,b]) = [a,b,c]

 t = s =[c,a,b] (= tokens)

 indices = [0,1,2] 



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string
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[
F T T
F F F
F T F]OR [

T F F
F T F
F F T]AND[

F F F
T F F
T T F]

= [
F T T
F F F
F T F]OR[

F F F
F F F
F F F] =

= larger= [
F T T
F F F
F T F]

sort([c,a,b]) = [a,b,c]

 t = s =[c,a,b] (= tokens)

 indices = [0,1,2] 



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string

38

 larger = [
F T T
F F F
F T F]

For each element, count how many elements 
is bigger than (  number of T in each 
row)

≡

2

∑
j=0

1S(i,j)=T ∀i ∈ {0,1,2}

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 



An example: sorting
Sort a string
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 num_smaller = [2,0,1]

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

 larger = [
F T T
F F F
F T F]



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string

40

num_smaller coincides with the index of 
each element in the sorted sequence

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string
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target_pos = num_smaller

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

An example: sorting
Sort a string
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sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

target_pos = num_smaller

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string
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sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

Sort s accordingly to target_pos

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

target_pos  = [2,0,1]

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string
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sel_new = [
F T F
F F T
T F F]

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, vals);

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

target_pos  = [2,0,1]

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string
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Return the sorted string

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

sel_new = [
F T F
F F T
T F F]

target_pos  = [2,0,1]

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string

46 [
F T F
F F T
T F F]

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);
cab
cab
cab

→ “abc”

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

sel_new = [
F T F
F F T
T F F]

target_pos  = [2,0,1]

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



An example: sorting
Sort a string
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 sort = “abc” 

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

sort([c,a,b]) = [a,b,c]

 t = s = [c,a,b] (= tokens)

 indices = [0,1,2] 

sel_new = [
F T F
F F T
T F F]

target_pos  = [2,0,1]

 num_smaller = [2,0,1]

 larger = [
F T T
F F F
F T F]



Sorting  Transformer Architecture →
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s = t = [c,a,b], indices = [0,1,2] 

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

Embedding



Sorting  Transformer Architecture →
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Self attention layer 1

Embedding
sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

s = t = [c,a,b], indices = [0,1,2] 



Embedding

Sorting  Transformer Architecture →
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Self attention layer 1

Feed Forward layer 1

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

s = t = [c,a,b], indices = [0,1,2] 



Embedding

Self attention layer 2

Sorting  Transformer Architecture →
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Self attention layer 1

Feed Forward layer 1

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

s = t = [c,a,b], indices = [0,1,2] 



Embedding

Self attention layer 2

Sorting  Transformer Architecture →
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Self attention layer 1

Feed Forward layer 1

Feed Forward layer 2(no-op)

sort(s, t) { 

larger = select(t, t, >) or 
(select(t, t, ==) and 
select(indices, indices, >)); 

num_smaller = 
selector_width(larger); 

target_pos = num_smaller; 

sel_new = 
select(indices, target_pos, ==); 

sort = aggregate(sel_new, s);

s = t = [c,a,b], indices = [0,1,2] 



Some other examples 
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RASP is applied to:

Reverse reverse("abc")="cba" 

Double-histograms hist2("§abbc")=[§,2,1,1,2] 

Find the most frequent element in a sequence 
most_freq("§abbccddd")="§dbca§§§§"

Histograms hist_bos(“§aba")=[§,2,1,2] 

…



Beyond RASP
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RASP program  Transformer architecture 

Tracr (2023)

D-RASP (2026)



Abstraction and Compilation
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Each set of high-level operations can be compiled down to execute a transformer
 Obs  full compilation  concrete weights≡

NeurIPS, 
2023



Compiling with Tracr
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For compiling in Tracr: 
tokens = [“bos”, “c”, “a”, “b”]



Compiling with Tracr
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For compiling in Tracr: 
tokens = [“bos”, “c”, “a”, “b”]

X =

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

Embedding



Compiling with Tracr
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For compiling in Tracr: 
tokens = [“bos”, “c”, “a”, “b”]

W(1)
Q =

0 0 0
1 0 0
1 1 0
1 1 1

W(1)
K =

0 0 0
1 0 0
0 1 0
0 0 1

W(1)
V = 𝕀4

Self attention layer 1

Self attention layer 2
W(2)

Q = W(2)
K = W(2)

V = 𝕀4



Beyond RASP
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RASP program  Transformer architecture 

Tracr (2023)

D-RASP (2026)



Beyond RASP
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Q: Do trained models of transformers implement such simple programs? 

arXiv, 
02/2026 



Discovering Interpretable Algorithms by Decompiling Transformers to RASP
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Some trained Transformers that length-generalize on algorithmic/
formal-language tasks actually implement simple RASP-like 

algorithms internally

Length-generalization conjecture



Discovering Interpretable Algorithms by Decompiling Transformers to RASP
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Some trained Transformers that length-generalize on algorithmic/
formal-language tasks actually implement RASP-like algorithms 

internally

 Design a method to extract those algorithms automatically as readable 
programs



Overview of the method
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Instead of RASP, they use D(ecompiled)-RASP

RASP D-RASP
boolean selectors real value selectors 

hard/discrete aggregation softmax aggregation 

Symbolic sequence variables Activation variables  v ∈ ℝd×N

Selector variables α ∈ ℝN×N

Tokens, positions, sequence features Explicit one-hot variables

Symbolic sequence output Real-valued logits
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Trained transformer model 

1. Translate the model in D-RASP primitives  

2.  Remove unnecessary parameters and operations applying causal 
intervention

The model is “huge” 

D-RASP program
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Conclusions and some future directions

…from decompilation to model simplification

RASP-guided architecture reduction

Expressivity: from infinite families to finite constructions

Does symbolic simplicity correlate with generalization?

RASP proposes a computational model for Transformers as an abstraction of a 
programming language 
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Thank you for the 

   softmax ( QKT

dk ) V
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Tracr: compiling RASP into transformers
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IDEA

1. Convert the RASP program into a Computational Direct Acyclic Graph (CDAG)

2.  For each s-op, decide how to embed it in the residual stream

3.  Convert each node in the CDAG independently to a model block 

4.  Assign each block to a layer of the transformer architecture

5. Construct the residual stream space as the direct sum of all models components’ 
input and output spaces

6. Assemble weight matrices



Compiling with Tracr
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For compiling in Tracr: 
tokens = [“bos”, “c”, “a”, “b”]



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”] Embedding



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]

“c” is greater than two elements
“b” is greater than one element
“a” is greater than zero element



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”] target_pos = [2, 0, 1]

FFN Layer 1



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]

“a” “c”→

Self attention layer 2



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]

“b” “a”→



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]

“c” “b”→



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]
sort([“c”, “a”, “b”]) = [“a”, “b”, “c”] 



Compiling with Tracr
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tokens = [“bos”, “c”, “a”, “b”]

sort([“c”, “a”, “b”]) = [“a”, “b”, “c”] 



RASP —Implications and Insights
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Original time complexity of the attention ≡ O(n2)

Lowered to  or sparse attention O(n log n) O(n) →

E.g. any arrangement of 
sublayers imposes a restriction 

on the order and number of 
RASP operations

We can use RASP  to 
reason about the 

computation capabilities 
of such variants



RASP —Implications and Insights
Example - Sandwich Transformers [3]

1. Pushing FFN sublayers towards the bottom of the transformer weakens it


2. Pushing attention sublayers to the bottom and FFN sublayers to the top of 
the transformer strengthen it

Claim
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… …

Self-attention

Feed-Forward 
Network
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Example - Sandwich Transformers
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1. Pushing FFN sublayers towards the bottom of the transformer weakens 
it 

2. Pushing attention sublayers to the bottom and FFN sublayers to the top of 
the transformer strengthen it

FFN sublayers  element-wise operations ≡
Self attention sublayers  selectors-aggregate≡

There is little value to repeated element-wise operations before the first 
aggregate: each position has only its input and cannot generate new 
information

Intuition with RASP (1)

Claim
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1. Pushing FFN sublayers towards the bottom of the transformer weakens it


2. Pushing attention sublayers to the bottom and FFN sublayers to the top 
of the transformer strengthen it

Intuition with RASP (2)
An architecture beginning with several select-aggregate pairs is able to gather 
a large amount of information into each position early in the computation

FFN sublayers  element-wise operations ≡
Self attention sublayers  selectors-aggregate≡

Claim
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FFN sublayers  element-wise operations ≡
Self attention sublayers  selectors-aggregate≡
Intuition with RASP (2) (contd.)
More complicated gathering rules can later be realized by applying element-
wise operations to aggregated information before generating new selectors

1. Pushing FFN sublayers towards the bottom of the transformer weakens it


2. Pushing attention sublayers to the bottom and FFN sublayers to the top 
of the transformer strengthen it

Claim



RASP —The computational model
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In general, select-aggregate can be seen two dimensional map-reduce:



select ≡ filtering

aggregate ≡ reduce

1 2 2

0 F F F

1 T F F

2 F T T

s = select([1,2,2], [0,1,2], ==) res = aggregate(s, [4,6,8])

F F F

T F F

F T T

4 6 8

4 6 8

4 6 8

[0,4,7]

Select + Aggregate


