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QUBITS



HOW TO REPRESENT 
INFORMATION: BITS…

• A bit can have one of two values: 0 and 1

• Represented by low and high voltages on wires

4

Low voltage
0

High voltage
1



HOW TO REPRESENT 
INFORMATION: BITS…

• A bit can have one of two values: 0 and 1

• Represented by the state of a hydrogen atom
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Ground State
0

Excited State
1



Excited State
| ۧ1

Ground State
| ۧ0

… AND QUBITS

• A qubit can be 0, 1 and all in between

• Represented by the state of a hydrogen atom
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Excited State
| ۧ1

… AND QUBITS

• A qubit can be 0, 1 and all in between

• Represented by the state of a hydrogen atom
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Ground State
| ۧ0

Superposition
𝛼0| ۧ0 + 𝛼1| ۧ1



Superposition
𝛼0| ۧ0 + 𝛼1| ۧ1

SUPERPOSITION 

• 𝛼𝑖 ∈ ℂ is called the amplitude of state | ۧ𝑖

• Constraint: 𝛼0
2 + 𝛼1

2 = 1

7

If a quantum system can be in one of two states, then it can 
also be in any linear combination of the two possible states

Superposition principle



MEASUREMENT OF A 
SUPERPOSITION

• Cannot access to 

amplitudes

• Measurement 

gives a single bit 

of information 𝑖

• Probability to 

obtain 𝑖 is 𝛼𝑖
2

• The system 

collapses to a 

state | ۧ𝑖

8

𝛼0| ۧ0 + 𝛼1| ۧ1

ۧ|0

ۧ|1

𝛼𝑖 is the likelihood to 
have outcome 𝑖

Note



WHAT HAPPENS WITH 𝑛 QUBITS?

• For simplicity 𝑛 = 2 qubits 

• The superposition is a linear combination of 

the four classical states 

| ۧ𝛼 = 𝛼00 | ۧ00 + 𝛼01 | ۧ01 + 𝛼10 | ۧ10 + 𝛼11 | ۧ11

normalized so that σ𝑥∈ 0,1 2 𝛼𝑥
2 = 1

• The outcome of measurement is two bits 𝑗𝑘, 

with probability 𝛼𝑗𝑘
2

• The system collapse to state | ۧ𝑗𝑘

9



HOW TO REPRESENT 
A QUANTUM STATE

Example: Let n = 2

| ۧ𝜓 =

𝛼00

𝛼01

𝛼10

𝛼11

∈ ℂ22
= ℂ4, | ۧ𝜓 2 = 1
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An 𝑛-qubit state | ۧ𝜓 is a unit 

vector in ℂ2𝑛

Fact

We use the symbol | ۧ⋅ to 

represent a superposition

Notation

𝑖-th value is the 
amplitude of state ۧ|𝑖

Note



HOW TO REPRESENT 
A QUANTUM STATE

Example: Let n = 2

| ۧ00 = | ۧ0 =

1
0
0
0

, | ۧ01 = | ۧ1 =

0
1
0
0

,

| ۧ10 = | ۧ2 =

0
0
1
0

, | ۧ11 = | ۧ3 =

0
0
0
1
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An 𝑛-qubit state | ۧ𝜓 is a unit 

vector in ℂ2𝑛

Fact

A basis state 

𝑖 = 20𝑏0 + 21𝑏1 + ⋯ + 2𝑛−1𝑏𝑛−1

can be denoted 

in binary ۧ|𝑏𝑛−1 … 𝑏1𝑏0

or in decimal notation ۧ|𝑖

Notation

We use the symbol | ۧ⋅ to 

represent a superposition

Notation



QUANTUM 
ALGORITHMS



QUANTUM ALGORITHM
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The output string 𝑦 is 
random

Remember

Input 𝑥
𝑛-bit string

Output y
𝑛-bit string

Initial 

state ۧ|𝑥

Final quantum 

result ۧ|𝜓

Measure ۧ|𝜓Create 
quantum state 
over 𝑛 qubits

Manipulate the quantum state 



QUANTUM ALGORITHM

• Apply a finite sequence of gates 
selected from a finite set

• All gates have an equivalent unitary 

matrix 𝑈𝑖 on ℂ2𝑛

• Linear transformations that preserve 
vector length

• The algorithm can be written as 

ۧ𝜓 = 𝑈𝑙𝑈𝑙−1 … 𝑈1 ۧ𝜓0

• 𝑙 is the running time of the computation

Initial 

state ൿห𝜓0

Final quantum 

result ۧ|𝜓

Manipulate the quantum state

𝑈1

𝑈2

𝑈𝑖

𝑈𝑙

13



• Hadamard gate: 

ELEMENTARY QUANTUM GATES

14

ۧ|0

ۧ|1

𝛼0| ۧ0 + 𝛼1| ۧ1

𝐻

1 1
1 −1

Equivalent matrix

1

2
ۧ|0 +

1

2
ۧ|1

1

2
ۧ|0 −

1

2
ۧ|1

𝛼0 + 𝛼1

2
ۧ|0 +

𝛼0 − 𝛼1

2
ۧ|1

Linearity of quantum physics

Note



• For simplicity 𝑛 = 3, the initial superposition is:

𝛼000 ۧ|000 + 𝛼001 ۧ|001 + 𝛼010 ۧ|010 + 𝛼011 ۧ|011

+𝛼100 ۧ|100 + 𝛼101 ۧ|101 + 𝛼110 ۧ|110 + 𝛼111 ۧ|111

apply the Hadamard gate to only the first qubit:

APPLY HADAMARD GATE
TO ONE OF 𝒏 QUBITS

15

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 0 0 0 −1 0 0 0
0 1 0 0 0 −1 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1

Equivalent matrix



𝛼000 + 𝛼100

2
ۧ|000 +

𝛼001 + 𝛼101

2
ۧ|001 +

𝛼010 + 𝛼110

2
ۧ|010 +

𝛼011 + 𝛼111

2
ۧ|011

+
𝛼000 − 𝛼100

2
ۧ|100 +

𝛼001 − 𝛼101

2
ۧ|101 +

𝛼010 − 𝛼110

2
ۧ|110 +

𝛼011 − 𝛼111

2
ۧ|111

APPLY HADAMARD GATE
TO ONE OF 𝒏 QUBITS

15

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 0 0 0 −1 0 0 0
0 1 0 0 0 −1 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1

Equivalent matrix

• For simplicity 𝑛 = 3, the initial superposition is:

𝛼000 ۧ|000 + 𝛼001 ۧ|001 + 𝛼010 ۧ|010 + 𝛼011 ۧ|011

+𝛼100 ۧ|100 + 𝛼101 ۧ|101 + 𝛼110 ۧ|110 + 𝛼111 ۧ|111

apply the Hadamard gate to only the first qubit:



𝛼000 + 𝛼100

2
ۧ|000 +

𝛼001 + 𝛼101

2
ۧ|001 +

𝛼010 + 𝛼110

2
ۧ|010 +

𝛼011 + 𝛼111

2
ۧ|011

+
𝛼000 − 𝛼100

2
ۧ|100 +

𝛼001 − 𝛼101

2
ۧ|101 +

𝛼010 − 𝛼110

2
ۧ|110 +

𝛼011 − 𝛼111

2
ۧ|111

APPLY HADAMARD GATE
TO ONE OF 𝒏 QUBITS

15

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 0 0 0 −1 0 0 0
0 1 0 0 0 −1 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1

Equivalent matrix

• For simplicity 𝑛 = 3, the initial superposition is:

𝛼000 ۧ|000 + 𝛼001 ۧ|001 + 𝛼010 ۧ|010 + 𝛼011 ۧ|011

+𝛼100 ۧ|100 + 𝛼101 ۧ|101 + 𝛼110 ۧ|110 + 𝛼111 ۧ|111

apply the Hadamard gate to only the first qubit:

Pair up the states of 
the form 0𝑥 and 1𝑥

Note



• Controlled phase gate:

ELEMENTARY QUANTUM GATES

16

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 𝑒𝑖𝜃

Equivalent matrix

ۧ|00

ۧ|01

ۧ|10

ۧ|11

ۧ|00

ۧ|01

ۧ|10

𝑒𝑖𝜃 ۧ|11

𝑅



QUANTUM CIRCUITS

• All gates are unitary matrices

Same number of input and output qubits

ۧ|𝑥 ۧ|𝑓(𝑥)

ۧ|𝑥 ۧ|𝑥

ۧ|0 ۧ|𝑓(𝑥)

Same number 
of input and 

output qubits General approach

17

𝑛 qubits

𝑚 qubits



QUANTUM 
FOURIER 

TRANSFORM



DISCRETE FOURIER TRANSFORM 

• Fourier Transform maps a signal from time domain to frequency domain 

19

Let 𝑀 = 2𝑚, the DFT 𝑏 ∈ ℂ𝑀 of a discrete signal 𝑎 ∈ ℂ𝑀 is

𝑏0

𝑏1

𝑏2

⋮
𝑏𝑀−1

=

1 1 1 … 1
1 𝜔 𝜔2 … 𝜔𝑀−1

1 𝜔2 𝜔4 … 𝜔2 𝑀−1

⋮ ⋮ ⋮ ⋱ ⋮
1 𝜔𝑀−1 𝜔2 𝑀−1 … 𝜔 𝑀−1 𝑀−1

𝑎0

𝑎1

𝑎2

⋮
𝑎𝑀−1

where 𝜔 = 𝑒𝑖2𝜋/𝑀 is a complex 𝑀-th root of unity

Discrete Fourier Transform 



DISCRETE FOURIER TRANSFORM 

• Divide-and-conquer 
strategy on matrix 𝐹𝑀

20

𝑗

𝑘

𝜔𝑗𝑘

𝑎0

𝑎1

𝑎2

𝑎3

⋮
𝑎𝑀−2

𝑎𝑀−1



DISCRETE FOURIER TRANSFORM 

• Divide-and-conquer 
strategy on matrix 𝐹𝑀

• Divide columns by 
evens and odds

20

𝑗

2𝑘

𝜔2𝑗𝑘 𝜔𝑗 ⋅ 𝜔2𝑗𝑘

2𝑘 + 1

𝑎0

𝑎2

⋮
𝑎𝑀−2

𝑎1

𝑎3

⋮
𝑎𝑀−1



DISCRETE FOURIER TRANSFORM 

• Divide-and-conquer 
strategy on matrix 𝐹𝑀

• Divide columns by 
evens and odds

• Divide also the rows

20

𝑗

2𝑘

𝜔2𝑗𝑘

−𝜔𝑗 ⋅ 𝜔2𝑗𝑘

2𝑘 + 1

𝑎0

𝑎2

⋮
𝑎𝑀−2

𝑎1

𝑎3

⋮
𝑎𝑀−1

𝑗 + 𝑀/2 𝜔2𝑗𝑘

𝜔𝑗 ⋅ 𝜔2𝑗𝑘



DISCRETE FOURIER TRANSFORM 

• Divide-and-conquer 
strategy on matrix 𝐹𝑀

• Divide columns by 
evens and odds

• Divide also the rows

• The final product is 
the vector

20

+ 𝜔𝑗

𝐹𝑀/2

𝐹𝑀/2

𝑎0

𝑎2

⋮
𝑎𝑀−2

𝑎1

𝑎3

⋮
𝑎𝑀−1

− 𝜔𝑗𝐹𝑀/2

𝐹𝑀/2

𝑎0

𝑎2

⋮
𝑎𝑀−2

𝑎1

𝑎3

⋮
𝑎𝑀−1

𝑗

𝑗 + 𝑀/2



DISCRETE FOURIER TRANSFORM 

20

𝐹𝑀/2

𝐹𝑀/2

𝑎0

𝑎2

⋮
𝑎𝑀−2

𝑎1

𝑎3

⋮
𝑎𝑀−1

even 𝑗

odd 𝑗

𝑏𝑗

𝑏𝑗+𝑀/2

• Divide-and-conquer 
strategy on matrix 𝐹𝑀

• Divide columns by 
evens and odds

• Divide also the rows

• The final product is 
the vector

• The equivalent circuit 



QUANTUM FOURIER TRANSFORM 

21

Given a superposition ۧ|𝛼 over 𝑚 = log2 𝑀 qubits, the QFT ۧ|𝛽 of ۧ|𝑎 is

𝛽0

𝛽1

𝛽2

⋮
𝛽𝑀−1

=
1

𝑀

1 1 1 … 1
1 𝜔 𝜔2 … 𝜔𝑀−1

1 𝜔2 𝜔4 … 𝜔2 𝑀−1

⋮ ⋮ ⋮ ⋱ ⋮
1 𝜔𝑀−1 𝜔2 𝑀−1 … 𝜔 𝑀−1 𝑀−1

𝛼0

𝛼1

𝛼2

⋮
𝛼𝑀−1

where 𝜔 = 𝑒𝑖2𝜋/𝑀 is a complex 𝑀-th root of unity

Quantum Fourier Transform 



QUANTUM FOURIER TRANSFORM 

21

Given a superposition ۧ|𝛼 over 𝑚 = log2 𝑀 qubits, the QFT ۧ|𝛽 of ۧ|𝑎 is

𝛽0

𝛽1

𝛽2

⋮
𝛽𝑀−1

=
1

𝑀

1 1 1 … 1
1 𝜔 𝜔2 … 𝜔𝑀−1

1 𝜔2 𝜔4 … 𝜔2 𝑀−1

⋮ ⋮ ⋮ ⋱ ⋮
1 𝜔𝑀−1 𝜔2 𝑀−1 … 𝜔 𝑀−1 𝑀−1

𝛼0

𝛼1

𝛼2

⋮
𝛼𝑀−1

where 𝜔 = 𝑒𝑖2𝜋/𝑀 is a complex 𝑀-th root of unity

The output is superposition of 𝑚 = log2 𝑀 qubits: 
we can only access to the index of one component

Quantum Fourier Sampling

Quantum Fourier Transform 



QUANTUM FOURIER TRANSFORM 

22



22

• Same number of input and output qubits

QUANTUM FOURIER TRANSFORM 

𝑚 qubits



22

• Decompose the inputs into evens and odds

QUANTUM FOURIER TRANSFORM 

Least 
significant 

qubit



QUANTUM FOURIER TRANSFORM 

Least 
significant 

qubit

𝑄𝐹𝑇𝑀/2
𝑚 − 1
qubits

22

• Apply the recursive circuits



QUANTUM FOURIER TRANSFORM 

Least 
significant 

qubit

𝑄𝐹𝑇𝑀/2
𝑚 − 1
qubits

22

• Apply the recursive circuits

Apply 𝑄𝐹𝑇𝑀/2 to the superposition 

of all states of the form 𝑥0 independently of 
the superposition of all states of the form 𝑥1

Note



• Apply the phase 𝜔𝑗 to the odd 𝑗-th value

• If 𝑗 = 𝑗1 … 𝑗𝑚−1, then 𝜔𝑗 = ς𝑙=1
𝑚−1 𝜔𝑗𝑙2𝑚−𝑙

QUANTUM FOURIER TRANSFORM 

𝑄𝐹𝑇𝑀/2

22

Least 
significant 

qubit



• Apply the phase 𝜔𝑗 to the odd 𝑗-th value

• If 𝑗 = 𝑗1 … 𝑗𝑚−1, then 𝜔𝑗 = ς𝑙=1
𝑚−1 𝜔𝑗𝑙2𝑚−𝑙

QUANTUM FOURIER TRANSFORM 

𝑄𝐹𝑇𝑀/2

𝑅𝑚

…

𝑅𝑙

…

𝑅2

22

Least 
significant 

qubit

1 0 0 0
0 1 0 0
0 0 1 0

0 0 0 𝑒2𝜋𝑖/2𝑝

=

1 0 0 0
0 1 0 0
0 0 1 0

0 0 0 𝜔2𝑚−𝑝

𝑅𝑝 matrix



• Add and subtract even 𝑗-th and odd 𝑗-th values to 

obtain the 𝑗-th and the (𝑀/2 + 𝑗)-th outputs

QUANTUM FOURIER TRANSFORM 

𝑄𝐹𝑇𝑀/2

𝐻

22

Least 
significant 

qubit

𝑅𝑚

…

𝑅𝑙

…

𝑅2



• Swap exchanges to restore the required state order

QUANTUM FOURIER TRANSFORM 

𝑄𝐹𝑇𝑀/2

22

𝑅𝑚

…

𝑅𝑙

…

𝑅2

𝐻

Amplitudes associated 

with states in bit reversal

Note



QUANTUM FOURIER TRANSFORM 

𝑄𝐹𝑇𝑀/2

22

𝑅𝑚

…

𝑅𝑙

…

𝑅2

𝐻

• Time complexity:

𝑇𝑟 𝑚 = ቊ
𝑇𝑟 𝑚 − 1 + 𝑚 if 𝑚 > 1

1 if 𝑚 = 1

𝑇𝑟 𝑚 = 𝑂(𝑚2)

𝑇𝑠 𝑚 = 𝑚/2

𝑇 𝑚 = 𝑇𝑟 𝑚 + 𝑇𝑠 𝑚 = 𝑂 𝑚2

Exponential speed up: 𝑂 𝑀 log 𝑀 = 𝑂(𝑚 2𝑚)

Note



SHOR’S 
ALGORITHM



REDUCTIONS FOR SHOR’S 
ALGORITHM

Finding a nontrivial square 
root of 1 modulo 𝑁

Computing the order of a 
random integer modulo 𝑁

The order of an integer is the 
period of a particular periodic 

superposition

Periods of superpositions 
can be found by the QFT

24

Factoring a large integer 𝑁

Problem



FACTORING AS ROOT FINDING

• Factoring a large integer 𝑁 is reduced to finding a nontrivial square root of 1 𝑚𝑜𝑑 𝑁

25

Any integer 𝑥 ≢ ±1 𝑚𝑜𝑑 𝑁 such that 𝑥2 ≡ 1 𝑚𝑜𝑑 𝑁
Nontrivial square root of 1 𝑚𝑜𝑑 𝑁

If 𝑥 is a nontrivial square root of 1 𝑚𝑜𝑑 𝑁, then gcd(𝑥 + 1, 𝑁) is a nontrivial factor of 𝑁

Lemma



ROOT FINDING AS ORDER FINDING

• Finding such a root is reduced to computing the order of a random integer modulo 𝑁

26

Let 𝑁 be an odd composite, with at least two distinct prime factors, and let 𝑥 be chosen 
uniformly at random between 1 and 𝑁 − 1. If gcd(𝑥, 𝑁) = 1, then with probability at least 

1/2, the order 𝑟 of 𝑥 𝑚𝑜𝑑 𝑁 is even, and 𝑥𝑟/2 is a nontrivial square root of 1 𝑚𝑜𝑑 𝑁

Lemma

The smallest positive integer 𝑟 such that 𝑥𝑟 ≡ 1 𝑚𝑜𝑑 𝑁
Order of 𝑥 𝑚𝑜𝑑 𝑁



ORDER FINDING AS PERIODICITY

• The order of an integer is the period of a particular periodic superposition

• 𝑟 is the period of function 𝑓(𝑎) = 𝑥𝑎 𝑚𝑜𝑑 𝑁

27

Given the superposition σ𝑎=0
𝑀−1 1

𝑀
ۧ|𝑎, 𝑓(𝑎) , the measurement of the second register 

makes the first register being in a periodic superposition with period 𝑟

Periodic superposition

The smallest positive integer 𝑟 such that 𝑥𝑟 ≡ 1 𝑚𝑜𝑑 𝑁
Order of 𝑥 𝑚𝑜𝑑 𝑁



ORDER FINDING AS PERIODICITY

• Initial superposition (ignoring the coefficient)

ۧ|0, 𝑓(0) + ۧ|1, 𝑓(1) +  … + ۧ|𝑀 − 1, 𝑓(𝑀 − 1)

since 𝑟 is the period of function 𝑓(𝑎)

ۧ |0, 𝑓(0) + ۧ |1, 𝑓(1)  + … + ۧ|𝑟 − 1, 𝑓(𝑟 − 1)  
ۧ+ |𝑟, 𝑓(0) + ۧ |𝑟 + 1, 𝑓(1) + … + ۧ|2𝑟 − 1, 𝑓(𝑟 − 1)  +  …

• Superposition after reading the second register

ۧ|𝑘, 𝑓(𝑘) + ۧ|𝑘 + 𝑟, 𝑓(𝑘) + ۧ|𝑘 + 2𝑟, 𝑓(𝑘) +  … 

27

Given the superposition σ𝑎=0
𝑀−1 1

𝑀
ۧ|𝑎, 𝑓(𝑎) , the measurement of the second register 

makes the first register being in a periodic superposition with period 𝑟

Periodic superposition

ۧ|𝑎  ۧ|𝑎

ۧ|0  ۧ|𝑓(𝑎)



FIND THE PERIOD OF A 
PERIODIC SUPERPOSITION

• Periods of superpositions can be found by the QFT

28

Given a periodic superposition ۧ|𝛼 with period 𝑟, ۧ|𝛼 =
𝑟

𝑀
σ𝑗=0

𝑀/𝑟−1 ۧ|𝑘 + 𝑗𝑟 , 𝑘 ∈ [0, 𝑟 − 1]

Its Fourier transform ۧ|𝛽 is periodic with period 𝑀/𝑟, ۧ|𝛽 =
1

𝑟
σ𝑗=0

𝑟−1 ඀𝜔𝑘𝑗𝑀/𝑟 ฬ
𝑗𝑀

𝑟

QFT of a periodic superposition

A superposition ۧ|𝛼 = (𝛼0, 𝛼1, … , 𝛼𝑀−1) is periodic (with 
period 𝑟) if 𝛼𝑖 = 𝛼𝑗 for each 𝑖 ≡ 𝑗 𝑚𝑜𝑑 𝑟

Periodic superposition



29

log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑀 is a power of 2 near 𝑁2

Note

ۧ|0

ۧ|0



• Set up the periodic superposition
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑄𝐹𝑇𝑀

1

𝑀
෍

𝑎=0

𝑀−1

ۧ|𝑎, 0

Uniform 
Superposition

ۧ|0

ۧ|0
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

ۧ|0

ۧ|0

𝑄𝐹𝑇𝑀

1

𝑀
෍

𝑎=0

𝑀−1

ۧ|𝑎, 𝑥𝑎𝑚𝑜𝑑 𝑁

Superposition

𝑥𝑎 𝑚𝑜𝑑 𝑁

𝑥 is chosen uniformly at random in 
the range [1, 𝑁 − 1], gcd 𝑁, 𝑥 = 1

Note
• Set up the periodic superposition
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑄𝐹𝑇𝑀

𝑥𝑎 𝑚𝑜𝑑 𝑁

measure

Periodic superposition with period 𝑟

෍
𝑗=0

𝑀/𝑟−1

ۧ|𝑘 + 𝑗𝑟 , 𝑘 ∈ [0, 𝑟]

Note

• Set up the periodic superposition

ۧ|0

ۧ|0
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑄𝐹𝑇𝑀

𝑥𝑎 𝑚𝑜𝑑 𝑁

𝑄𝐹𝑇𝑀 measureۧ|0

ۧ|0
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑄𝐹𝑇𝑀

𝑥𝑎 𝑚𝑜𝑑 𝑁

𝑄𝐹𝑇𝑀 measure

Obtain index

𝑗 = ℎ
𝑀

𝑟
, ℎ ∈ 0, 𝑟 − 1

Note

ۧ|0

ۧ|0
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log2 𝑀
qubits

log2 𝑁
qubits

QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

𝑄𝐹𝑇𝑀

𝑥𝑎 𝑚𝑜𝑑 𝑁

𝑄𝐹𝑇𝑀 measure

Repeat 𝑠 times to obtain indices  

𝑗1 = ℎ1

𝑀

𝑟
, 𝑗2 = ℎ2

𝑀

𝑟
, … , 𝑗𝑠 = ℎ𝑠

𝑀

𝑟

ℎ𝑖 ∈ 0, 𝑟 − 1 , 𝑖 = 1,2, … , 𝑠

Compute g = gcd(𝑗1, … , 𝑗𝑠). If 𝑀/𝑔 is even, then compute gcd(𝑁, 𝑥𝑀/2𝑔 + 1)
and output it if it is a nontrivial factor of 𝑁; otherwise repeat the process

ۧ|0

ۧ|0



QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵
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• Time complexity: 

Let 𝑛 = log2 𝑁 , and 𝑠 = 2𝑛

Modular exponentiation: 

𝑇𝑒 𝑛 = 𝑂 𝑛3

QFT:

𝑇𝑄𝐹𝑇 2𝑛 = 𝑂(𝑛2)

𝑇 𝑛 = 𝑠 𝑇𝑒 𝑛 + 2𝑇𝑄𝐹𝑇(2𝑛) = 𝑂(𝑛4)



QUANTUM ALGORITHM FOR 
FACTORING A LARGE INTEGER 𝑵

30

• Time complexity: 

Let 𝑛 = log2 𝑁 , and 𝑠 = 2𝑛

Modular exponentiation: 

𝑇𝑒 𝑛 = 𝑂 𝑛3

QFT:

𝑇𝑄𝐹𝑇 2𝑛 = 𝑂(𝑛2)

𝑇 𝑛 = 𝑠 𝑇𝑒 𝑛 + 2𝑇𝑄𝐹𝑇(2𝑛) = 𝑂(𝑛4)

𝑀 ≈ 𝑁2 ⇒ log2 𝑀 ≈ 2𝑛

Note

Exponential speed up: 𝑂 exp 𝑐𝑛1/3 log2/3 𝑛

Note



TAKEAWAYS 
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𝑛 qubits

2𝑛 complex values

One quantum gate can 
manipulate all of them

Measurements make 
the system collapse

𝑛-bit random 
output

Time speed up

Exponential: Shor

Quadratic: Groover

Quantum Fourier 
Sampling

Space advantage

Coin Problem

Triangle Counting 
Problem

Cannot access 
to amplitudes
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ENTANGLEMENT

• Given the quantum state 

| ۧ𝛼 = 𝛼00 | ۧ00 + 𝛼01 | ۧ01 + 𝛼10 | ۧ10 + 𝛼11 | ۧ11

• Are there 2 qubits 

𝛽0 ۧ0 + 𝛽1 ۧ1

𝛾0 ۧ0 + 𝛾1 ۧ1

such that their joint state of  is 

ۧ|𝛼 = 𝛽0𝛾0 0 ۧ0 + 𝛽0𝛾1 ۧ01 + 𝛽1𝛾0| ۧ10 + 𝛽1𝛾1| ۧ11

? 

A1



ENTANGLEMENT

• Example: Bell states

ۧ|𝜓 =
1

2
ۧ|00 +

1

2
| ۧ11

A2

Are those states of quantum systems in which qubits interact with each other
Entangled qubits cannot be decomposed into the states of the individual qubits

Entangled states



PARTIAL MEASUREMENTS

• Given the quantum state 

| ۧ𝛼 = 𝛼00 | ۧ00 + 𝛼01 | ۧ01 + 𝛼10 | ۧ10 + 𝛼11 | ۧ11

• What if we measure the first qubit?

• What is the probability that the outcome is 0?

Pr 1st bit = 0 = Pr 00 + Pr 01 = 𝛼00
2 + 𝛼01

2

• What is the new superposition if the outcome is 0?

ൿห𝛼new =
𝛼00

|𝛼00|2 + |𝛼01|2
ۧ|00 +

𝛼01

|𝛼00|2 + |𝛼01|2
ۧ|01

A3

Eliminate inconsistent states
Note

Normalize again
Note



FACTORING AS ROOT FINDING

• Proof:

• 𝑥2 ≡ 1 𝑚𝑜𝑑 𝑁 implies that 𝑁 divides (𝑥2 − 1) = (𝑥 + 1)(𝑥 − 1)

• But 𝑁 does not divide either of these individual terms, since 𝑥 ≢ ±1 𝑚𝑜𝑑 𝑁

• Therefore, 𝑁 must have a nontrivial factor in common with each of (𝑥 + 1) and (𝑥 − 1)

• In particular gcd(𝑁, 𝑥 + 1) is a nontrivial factor of 𝑁

A4

If 𝑥 is a nontrivial square root of 1 𝑚𝑜𝑑 𝑁, then gcd(𝑥 + 1, 𝑁) is a nontrivial factor of 𝑁

Lemma



SHOR’S TOY EXAMPLE

• Factor 𝑁 = 15 using 𝑥 = 2:

The powers of 2 𝑚𝑜𝑑 15 are:

21 𝑚𝑜𝑑 15 = 2, 22 𝑚𝑜𝑑 15 = 4, 

23 𝑚𝑜𝑑 15 = 8, 24 𝑚𝑜𝑑 15 = 1, 

21 𝑚𝑜𝑑 15 = 2, … 

The order of 2 𝑚𝑜𝑑 15 is 𝑟 = 4, that is even and 2𝑟/2 = 22 = 4 ≢ ±1 𝑚𝑜𝑑 15

Then 

gcd 𝑁, 𝑥𝑟/2 + 1 =  gcd 15, 22 + 1 = 5 

that is a nontrivial factor of 15

A4



• Controlled-NOT:

ELEMENTARY QUANTUM GATES

A5

ۧ|00

ۧ|01

ۧ|10

ۧ|11

Control qubit

Target qubit

ۧ|00

ۧ|01

ۧ|11

ۧ|10
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

Equivalent matrix



• Toffoli gate (CCNOT):

ۧ|00𝑥

ۧ|01𝑥

ۧ|10𝑥

ۧ|11𝑥

ELEMENTARY QUANTUM GATES

A6

Control qubits

Target qubit

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

Equivalent matrixۧ|00𝑥

ۧ|01𝑥

ۧ|10𝑥

ۧ|11𝑥



• Pauli gate X: 

ELEMENTARY QUANTUM GATES

A7

ۧ|0

ۧ|1

𝑋

0 1
1 0

Equivalent matrix

ۧ|1

ۧ|0



• NOT:

• OR:

• AND:

• XOR:

IMPLEMENTATION 
OF LOGIC GATES

A8

𝑋

ۧ|𝑥  

ۧ|0

ۧ|𝑥

ۧ| ҧ𝑥

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|0

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|𝑥1 ∧ 𝑥2

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|𝑥1 ∨ 𝑥2

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|0

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|0

ۧ|𝑥1  

ۧ|𝑥2  

ۧ|𝑥1 ⊕ 𝑥2
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