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HOW TO REPRESENT
°'°' INFORMATION: BITS..

« Abit can have one of two values: 0 and 1
« Represented by low and high voltages on wires

Low voltage High voltage




HOW TO REPRESENT
°'°' INFORMATION: BITS...

e A bit can have one of two values: 0 and 1

* Represented by the state of a hydrogen atom

©

Ground State Exated State
0




01010] AND QUBITS

« Aqubitcan be 0, 1 and all in between
* Represented by the state of a hydrogen atom

Ground State Excited State

0) 1)




010101 AND QUBITS

« Aqubitcan be 0, 1 and all in between

* Represented by the state of a hydrogen atom
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SUPERPOSITION

e B NN,
0“ ..Q
. . . o
Y RITIR . Superposition principle
2 3
L 7 \g .
L ) . .
- y P . - If a quantum system can be in one of two states, then it can
| . . . . .
. " * " also be in any linear combination of the two possible states
) - Q. L
L 2
L 4
., enns?® o | | |
’.. o* * q; € Cis called the amplitude of state |i)

« Constraint: |ag|? + |a;|? =1
Superposition

ao|0) + a;|1)




MEASUREMENT OF A
SUPERPOSITION

10)
0 Canﬂ.Ot access to oo " s, A @
amplitudes o* *e

C .
« Measurement NEEERI L R %
gives a single bit :. :’ ° =
of information i . " ® > C
. .

|
. . .
* Probability to Y, Yenas?® »
obtain i is |a;|? % o*
0. DY
Sgpnt*
« The system \
collapses to a ao|0) + a4[1) 1)
state |i)
a; is the likelihood to
have outcome i




WHAT HAPPENS WITH n QUBITS?

« For simplicity n = 2 qubits

» The superposition is a linear combination of
the four classical states

la) = ago [00) + @pq [01) + a1 |10) + @44 [11)
normalized so that ¥ c¢y jzlax]® = 1

* The outcome of measurement is two bits jk,
: . 2
with probability |ajk|

« The system collapse to state |jk)




HOW TO REPRESENT
A QUANTUM STATE

Example: Letn = 2

) = | [ €€ =t = 1

K

i-th value
amplitude fttl




HOW TO REPRESENT
A QUANTUM STATE

Example: Letn = 2
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QUANTUM ALGORITHM

Manipulate the quantum state

Create
quantum state
over n qubits

Input x
n-bit string

W
1

Initial
state |x)

Measure [y)

¥4

I

Final quantum

result |i)

Outputy
n-bit string

Remember

The output string y is
random




QUANTUM ALGORITHM

Manipulate the quantum state

U U
{4 | |4
= = |=>| |=—>| |—>| |—>
AR RS
Initial Final quantum
state 1)) result |i)

Apply a finite sequence of gates
selected from a finite set

All gates have an equivalent unitary
matrix U; on C%"

Linear transformations that preserve
vector length

The algorithm can be written as

|1/J> = U U1 ... U1|¢0)

L is the running time of the computation




ELEMENTARY QUANTUM GATES

* Hadamard gate:

0 —1 O)+—1 1)
10) ﬁl \/fl
1 1
1) ﬁlo) \/fll)
5|0) + ay|1) “°v+§“1|o>+ °é“1|1>

’

‘ Equivalent matrix .
Linearity of quantum physics




APPLY HADAMARD GATE
TO ONE OF n QUBITS

* For simplicity n = 3, the initial superposition is:

a000|000) + a001|001) + a010|010> + a011|011) EQUIva|eht matrix

+a100/100) + @101|101) + @110]110) + @114|111)

apply the Hadamard gate to only the first qubit:

i

a1
do




APPLY HADAMARD GATE
TO ONE OF n QUBITS P Equivalent matrix

* For simplicity n = 3, the initial superposition is:

@00|000) + ap1/001) + 410|010} + @p1,[011)

+a100/100) + @101|101) + @110]110) + @114|111)

apply the Hadamard gate to only the first qubit:

(@onn + N fa,
000 T X100 a

000) + 001) + 010
N 1000) 1001) 1010)

@ooo — X100 1100) +

T AN VAN N 2 ¥,




APPLY HADAMARD GATE

TO ONE OF n QUBITS

* For simplicity n = 3, the initial superposition is:

@00|000) + ap1/001) + 410|010} + @p1,[011)

+a100/100) + @101|101) + @110]110) + @114|111)

apply the Hadamard gate to only the first qubit:

@

000 T X100

~

V2

Xpoo —

|000)

R

X100 |

/

100) +

6001 + 101 N
|001)
V2
@oo1 — X101
|101)
W2

Equivalent matrix

®Xp11 + a111 Pair up the states of

6010 + Q110 |010>
V2
@o10 — X110
|110)
W2 AR

the form 0x and 1x

(1011 d111 |11J «




ELEMENTARY QUANTUM GATES

» Controlled phase gate:

100) R

101)

110)

|11) oi0




QUANTUM CIRCUITS

« All gates are unitary matrices

‘ Same number of input and output qubits

n qubits I |x) |x)
) a E JECI)
m qubits I |0) £ ()

Same number

of input and
output qubits General approach
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DISCRETE FOURIER TRANSFORM

* Fourier Transform maps a signal from time domain to frequency domain

Discrete Fourier Transform

Let M = 2™, the DFT b € CM of a discrete signal a € C is

by 1 1 1 1 1 1r Qo -
by 1 w w?> wM-1 a,
b, |=11 w? w* . @2M-1) az

bl L1 om0t eeneen]lay_

&where w = e?™/M is 3 complex M-th root of unity /




DISCRETE FOURIER TRANSFORM

« Divide-and-conquer
strategy on matrix Fy, I




DISCRETE FOURIER TRANSFORM

« Divide-and-conquer 2k 2k +1
strategy on matrix Fyy I I
« Divide columns by N
evens and odds a.z
ap-2
j e ijk (U] . a)zjk
a
as
aApm-1




DISCRETE FOURIER TRANSFORM

« Divide-and-conquer g 300 L
strategy on matrix Fy, I I
« Divide columns by %o
evens and odds jo— @2k wl - w2k a:Z
* Divide also the rows Apf—>
aq
j + M/Z — wzjk _w] o wzjk Cl:3
aApM-1




DISCRETE FOURIER TRANSFORM

« Divide-and-conquer
strategy on matrix Fy,

« Divide columns by j —
evens and odds

 Divide also the rows

« The final productis
the vector

J+ M/)2 ===

Ao
a;
FM/Z :
Ap—2
Ao
a;
Fa oz

Fuyz

Fuyy oz




DISCRETE FOURIER TRANSFORM

« Divide-and-conquer
strategy on matrix Fy,

« Divide columns by
evens and odds

e Divide also the rows

* The final product s
the vector

* The equivalent circuit

Ao
a;
: FM/Z
Ap—2
a
as
Fu oz

even j

odd j

bjim/2




QUANTUM FOURIER TRANSFORM

Quantum Fourier Transform

a

Given a superposition |a@) over m = log, M qubits, the QFT |B) of |a) is
[ o ] 1 1 1 1 1T %o 1

ﬁl 1 1 w (1)2 a)M_l aq

=—|1 w? w* . @AM a

ﬁsz VM| : s : : '
By-14 1 @Ml 21 (M-DM-1) [y g

&where w = e?™M is a complex M-th root of unity /




QUANTUM FOURIER TRANSFORM

Quantum Fourier Transform

Given a superposition |a@) over m = log, M qubits, the QFT |B) of |a) is

N

[ o ] 1 1 1 1 1T %o 1
ﬁl 1 1 w (1)2 a)M_l aq
B2 =7 1 w? w* . @21 a;y

—:BM.—l- 1 a)"’."l wz(fw—1) a)(M‘l.)(M‘l)- L0 py—1]

Kwhere w = e?"™M is a complex M-th ro ONEI SRR NS TE s l18le

L The output is superposition of m = log, M qubits:

we can only access to the index of one component




QUANTUM FOURIER TRANSFORM




QUANTUM FOURIER TRANSFORM

« Same number of input and output qubits

m qubits




QUANTUM FOURIER TRANSFORM

« Decompose the inputs into evens and odds

evenj

_Bj

e ﬁj+M/2

oddj

L]
E"Ii

t Least
significant

qubit




QUANTUM FOURIER TRANSFORM

* Apply the recursive circuits




QUANTUM FOURIER TRANSFORM

Apply QF Ty, to the superposition
of all states of the form x0 independently of
* Applyth the superposition of all states of the form x1

evenj

_Bj

e ﬁj+M/2

oddj

L]
E"Ii

t Least
significant

qubit




QUANTUM FOURIER TRANSFORM

« Apply the phase w’ to the odd j-th value

L i _ ym-1,,j;2m!
_ o Ifj=j1.jmo, then w/ =[[27" wl
even j

_Bj

e ﬁj+M/2

oddj

L]
E"Ii

t Least
significant

qubit




QUANTUM FOURIER

evenj

oddj

L]
E"n

_Bj

e ﬁj+M/2

« Apply the phase w’ to the odd j-th value

L : _1_jigm-l
o Ifj =j;.jm1, then w/ = [[7* 012"

t Least
significant

qubit

J




QUANTUM FOURIER TRANSFORM

« Add and subtract even j-th and odd j-th values to
obtain the j-th and the (M /2 + j)-th outputs

evenj

_Bj

e ﬁj+M/2

oddj

L]
E"Ii

t Least
significant

qubit




QUANTUM FOURIER TRANSFORM

evenj

oddj

L]
E"Ii

_Bj

e ﬁj+M/2

« Swap exchanges to restore the required state order

Amplitudes associated
with states in bit reversal




QUANTUM FOURIER TRANSFORM

* Time complexity:

T (im—1)+m ifm>1
T’"(m)z{r( 1) ifm = 1

T.(m) = 0(m?)

T,(m) =m/2

T(m) = T,(m) + Ts(m) = 0(m?) b

~  Exponential speed up: 0(M logM) = O(m 2"‘)}




SHOR'S
o ALGORITHM

1A

)
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m REDUCTIONS FOR SHOR'S
ALGORITHM

Finding a nontrivial square
root of 1 modulo N
Computing the order of a
random integer modulo N

Factoring a large integer N

Periods of superpositions
can be found by the QFT

The order of an integer is the

period of a particular periodic
superposition

24



FACTORING AS ROOT FINDING

« Factoring a large integer N is reduced to finding a nontrivial square root of 1 mod N

Nontrivial square root of 1 mod N

Any integer x # +1 mod N such that x? = 1 mod N




ROOT FINDING AS ORDER FINDING

« Finding such a root is reduced to computing the order of a random integer modulo N

‘ Order of x mod N -




ORDER FINDING AS PERIODICITY

« The order of an integer is the period of a particular periodic superposition

Order of x mod N
The smallest positive integer r such that x” = 1 mod N

* risthe period of function f(a) = x* mod N

Periodic superposition

Given the superposition Z’C‘{’;Ol\/iﬁ la, f(a)), the measurement of the second register

makes the first register being in a periodic superposition with period r




ORDER FINDING AS PERIODICITY

Periodic superposition

Given the superposition ¥¥-{ r la, f(a)), the measurement of the second register

makes the first register being in a periodic superposition with period r

* Initial superposition (ignoring the coefficient)

|0tf(0)> + |1tf(1)> + ..t |M — 1rf(M — 1))

la) a since r is the period of function f(a)
|O'f(0)> + |1tf(1)> + .. + |T‘—1,f(7'—1)>
+ R fO) + r+1,fQ) + . + [2r=1fr—-1) + ..
0) f (@) « Superposition after reading the second register

|k, f(R)) + [k + 7, f(k)) + |k + 21, f(K)) + ...




FIND THE PERIOD OF A
PERIODIC SUPERPOSITION

« Periods of superpositions can be found by the QFT

Periodic superposition : . :
is periodic (with

QFT of a periodic superposition




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

( M is a power of 2 near N2 J
qubits I 10)

[log, N
quéits I|0)




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

» Set up the periodic superposition

log, M
qfl:z)its I|0) QF T




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

» Set up the periodic superposition

Note

—  xis chosen uniformly at random in

logkz)M 10) QFTy, . therange[1,N —1],gcd(N,x) =1
ubits

L Y

\

[log, N
quéits I|0)

Superposition 1 . ’
— a, x*mod N
7 2eco )




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

* Setup the periodic superposition ( Periodic superposition with period r
M/r-1
o I Zj_o e +jr), k € [0,7]
082 N =
qubits 10) QF T

[log, N
quéits I|0)



QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

Im eeeeee




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

=

U

=
amnll||




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

;Oféiﬁ IIO) QF Ty QF Ty, I measure

9

Repeat s times to obtain indices

_ M M _ M
j1=hy 7»]2 = h, 7» wrJs = hg—

qubits h;el0,r—1],i=12,..,5

Compute g = ged(jy, ..., js). If M/g is even, then compute ged(N, xM/29 + 1) )
and output it if it is a nontrivial factor of N; otherwise repeat the process




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

* Time complexity:
Letn = [log, N],and s = 2n
Modular exponentiation:
T,(n) = 0(n°)
QFT:

TQFT(ZTl) = 0(n?)

T(n) = s(T,(n) + 2Tyrr(2n)) = 0(n*)




QUANTUM ALGORITHM FOR
FACTORING A LARGE INTEGER N

* Time complexity:
Let n = [log, N|, and s = 2n
Modular exponentiation:

OFT: x4 mod N

] ( M~ N? = log, M ~ 2n
TQFT(ZTl) = 0(n*)

QFTy

T(n) = s(T,(n) + 2Tyrr(2n)) = 0(n*)

=

Exponential speed up: 0(exp(cn1/3 log?/3 n)) }




TAKEAWAYS

Cannot access
- to amplitudes 1
Y 4

"

’
/ 4
/! -~
i lex val -
’ﬂ——_- Measurements make
the system collapse

L
One quantum gate can \
manipulate all of them
Space advantage n-bit random
v
Time speed up ey \\
=N
- \ Coin Problem 1\ Quantum Fourier
P o 1 Sampling

Quadratic: Groover

Triangle Counting
Problem

Exponential: Shor
31
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APPENDIX



ENTANGLEMENT

« Given the quantum state
|a) = agg 00) + o1 [01) + @10 [10) + 44 [11)
» Are there 2 qubits
Bol0) + B111)
Yol0) +y111)
such that their joint state of is
la) = Bovol00) + Boy1101) + B1vo|10) + B1y4|11)




ENTANGLEMENT

Entangled states

Are those states of quantum systems in which qubits interact with each other
Entangled qubits cannot be decomposed into the states of the individual qubits

- Example: Bell states

1 1
—|00) +—2 |11)

|¢)=ﬁ 7




PARTIAL MEASUREMENTS

« Given the quantum state
|} = @go 100) + apq [01) + @y [10) + @44 [11)
* What if we measure the first qubit?
« What is the probability that the outcome is 07?
Pr[1st bit = 0] = Pr[00] + Pr[01] = |ago|? + |ap1]?

« What is the new superposition if the outcome is 07
a a
00 01 01

NP +|a01|2 \/|“00| + gy |2

@ EI|m|nate|ncon5|stentstates j K@ Normalize agam}

|05new>




FACTORING AS ROOT FINDING

e Proof:

e x?=1mod N implies that N divides (x> —1) = (x + 1)(x — 1)

 But N does not divide either of these individual terms, since x # +1 mod N
« Therefore, N must have a nontrivial factor in common with each of (x + 1) and (x — 1)

* In particular gcd(N, x + 1) is a nontrivial factor of N




SHOR'S TOY EXAMPLE

Factor N = 15 using x = 2:
The powers of 2 mod 15 are:

21 mod 15 = 2, 22 mod 15 = 4,

23 mod 15 = 8§, 24 mod 15 = 1,

21 mod 15 = 2,
The order of 2 mod 15 is r = 4, that is even and 27/2 = 22 = 4 # +1 mod 15
Then

ged(N,x™/2 + 1) = ged(15,22+1) =5

that is a nontrivial factor of 15




ELEMENTARY QUANTUM GATES

e Controlled-NOT:

|00) 100)
|01) 101)
|10) 111)

|11) 110)




ELEMENTARY QUANTUM GATES

V( Control qubits

» Toffoli gate (CCNOT):

|00x) |00x) Equivalent matrix
|01x) |01x)
|10x) |10x)
|11x) |11x)

L Target qubit




ELEMENTARY QUANTUM GATES

* Pauli gate X:

0) 1)

1) 0)




IMPLEMENTATION
OF LOGIC GATES

e NOT:
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