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The World as we know it

Linear Programming Integer Programming

min c¢'x min ¢ 'x

L L

s.t. Ax<b, x>0 s.t. Ax<b,xecZ

Quadratic Programming Semidefinite Programming

1
min EXTQX +c¢'x

s.t. Ax<Db
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What’'s The PSD Matrix?
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What's a Matrix?

A matrix A is a linear operator
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What does “positive” mean?

positive = on the same side
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Positive Semi-Definite Matrix .

Positive Semi-Definite:
A>0 iff vx e R"™\{0}, x'y =x'Ax > 0.

Example

I>0:x'Ix=x"x= szz >0, VxeR"\{0}

|

positive definite
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Positive Semi-Definite Matrix

—l_ _1 O 2 2 o, ; °
X 0 9 x=1Xx{+2xx5>0 Positive Definite
—l_ _1 O 2 2 e o ° °
NN L I Xxx{+0xx5>0 Positive Semi-Definite
{1 0 2 2
x| _4X:1><X1+—4><X2%0 Undefined

Is Positivity related to the Diagonal?
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Positive Semi-Definite Matrix

Is Positivity related to the Diagonal?

1] 1 =31 [T
= —2%0
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Positive Semi-Definite Matrix

Is Positivity related to the Diagonal?

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 10 of 53



What else then?

Eigenvalues. V; : Au; = A\;u;

Uyj —m8»

— Ay

if \; < 0, then uiTAuz- — )\iu;ui < 0
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What else then?

Positive nums have square root

if A=C'C,thenVx € R"\ {0} :
x'Ax=x'C'Cx =||Cx]||* > 0

Matrices with a square root are positive
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Positive Semi-Definite Matrix

Theorem
Let A be a real symmetric n X n matrix. Then, the following are equivalent:

l.Vx e R", x' Ax > 0.
2. All etgenvalues of A are nonnegative

3. There is an n X n real matriz C, such that A= C'C
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SemiDefinite Prog.

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 14 of 53



A geometric example

u
min uw!v+viw+wliu w
s.t. lullz = [[v]]2 = [[wl]2 =1
u,v,w e R’
V
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A geometric example

Kristjan Tarantelli

‘min  ulv+viw+wliu
<
s.t. lullz = [[v|l2 = [|wl|2 =1
\ u,v,we R’
1 ulv ulw
u v w/=|(viu 1 +viw
wliu wlv 1

The Matrix; A Revolution on Max-Cut

Page 16 of 53



A geometric example

SemiDefinite Programming

W u min a-+b-+c
g -
st. A=]la 1 ¢| >0
v b c 1
ulv a |
ulwl| = |b
_VTW_ | C
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A geometric example

sol: a=b=c= —-0.5

SemiDefinite Programming

min a+b-+c
_ -

st. A=la 1 ¢| >0
b c 1

b axis

Elliptope
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A geometric example

sol: a=b=c= —-0.5

SemiDefinite Programming

min a-+b-+c

1 a b
st. A=]la 1 ¢| >0
b c 1

vas Cholesky Decomposition
Elliptope to get u, v, w back
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A geometric example

SemiDefinite Programming

min a+b+c
polynomial time complexity, ) )
for accuracy fixed to 1 a b
O(n"log(1/¢€)) st. A=la 1 c| >0
b c 1

Cholesky Decomposition

O(n®) <

to get u, v, w back

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 20 of 53



Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 21 of b3



The real problem
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The real problem o
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The real problem
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The real problem

cut(S,V —5) =38
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The real problem

cut(S,V — 5) =8
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The real problem

S={allv;eVs.t. x;=1}
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1_$z’xj 1 Zf £L; #ij
]l[C’u,tij] — % — {O ,L]L‘ T =T,
CEZ'CBJ' = —1
-1 ——- 1
AX-ULU Ul — INlaX Wj; 4
- v t) %

337,33] =1 €] ck
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Max-Cut: Complexity

NP- Hard

NP-Complete X1 .Given a graph G and an integer k

determine whether there is a cut
of size at least k in G.”

P

L)

- -

s, (HereP!=NP)
ey .r"‘

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 29 of 53



Max-Cut: Approximation

What can we do in polynomial time?

Greedy using a fair coin,
independent Vi
1 w.p. 0.5

Vo € Vi omi = {—1 w.p. 0.5

S:{’U?;EVS.t. 2132':1}
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12
2

VS :cut(S,V—-S5) < |E]

Eleut(S,V — 8)| =

Greedy is 0.5-approx of Max-Cut
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Max-Cut: Approximation

SHEWOULD SAY SHE KNOWS ENOUGH.

Greedy is 0.5-approx of Max-Cut

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 32 of 53



Max-Cut: Approximation

1—£Ciil3j

max Zeij ck 2

s.t. xp = This QP is NP-Hard to solve:
r;, € R sedrch space is hon-convex.
Vv, €V
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Max-Cut: Approximation

max ). g Zij

s.t. 0 S mij S 1
Tii + Tjp + Ty < 2
Veij c kb

“All LPs are 0.5-approx (or lower) for Max-Cut,
provided polynomial size and constant arity.” A aaEeEEEEs
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Goemans-Williamson
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Max-Cut: SDP

Relaxation:
use unitary norm vectors instead of scalar variables.

max % Zeij EE(]‘ o X;-FX]')
Vector Program { s.t. ||x;]| =1

x; € R"
Vv, €V

Max-Cut < Vec.Prog.-OPT
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Max-Cut: SDP

Relaxation:
use unitary norm vectors instead of scalar variables.
Then, exploit SDP.

1. Define: X = [X?Xj]i,j, x; € S* !
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Max-Cut: SDP

Relaxation:
use unitary norm vectors instead of scalar variables.
Then, exploit SDP.

1. Define: X = [X;’ij]i,j, x; € S* !
1
max 5 ). cp(l — Xij)

2. Solve SDP for X st. X c R™X™

2.1 SDP-OPT = Vec.Prog.-OPT X >0

2.2 Approx. sol in O(nk/e) X = 1, 1=1...n
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Max-Cut: SDP

Relaxation:
use unitary norm vectors instead of scalar variables.
Then, exploit SDP.

1. Define: X = [X;’ij]i,j, x; € S* !
1
max 5 ). cp(l — Xij)

2. Solve SDP for X st. X c R™X™

3. Cholesky Decomposition to get x; X >0

4. Randomized Rounding Xi=1, 1=1..n
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Max-Cut: SDP

4. Randomized Rounding
X; € S X; € {—1, ]_}

4.1 define a random hyperplane

yNN(Oaj)

4.2 Assign:

-1 if ysz- <0

1 if yTXZ' Z 0

Kristjan Tarantelli The Matrix: A Revolution on Max-Cut Page 40 of 53



Max-Cut: SDP Analysis

P(label z; # label ;) =7
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Max-Cut: SDP Analysis

1]

P(label x; # label ;) = —
0
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Max-Cut: SDP Analysis
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Max-Cut: SDP Analysis

G&W 0:; (1 —x;.rxj - 0:; (1 — cos(0;;
SDP-OPT =«

2 1 : o
f(x) = x —
© ) = x m 1 — cos(x) 1
R a
a = Min(f,0,2 ) : e

= (2.3311224094664,(0.87856720)
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Max-Cut: SDP Analysis

—1
G&W 0,; [ 1—xlx; 0;: [ 1— 0,)\ "
_ Yy XXy _ Y cos(6;) > 0.87... = a
SDP-OPT T

0, 1 —x'x;
Elcutggw| = Z 7‘7 >« Z 2Z . — @ SDP-OPT > a Max-Cut

eij€El ei;€E
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Unique Game Conjecture
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What can we do in poly time?

< 0.941
HAstad, 2001

_—

0 1

>0.878
G&W, 1995
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Constraint Satisfaction Problem

Max-Cut CSP Definition

Variables: V ={vi,v9,...,U,}
Domain: D={-1,1}
Constraints: C={ci:(i,j) € E}
Constraint Type: oy (25 ) = {0 if z; — 2,
Ob ] . /) /) 19
jective gré%)g Z Wi * cj 158 ;cj
(4,7)€FE
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Unique Games

Unique Games CSP Definition

Variables: V={x1,22,...,2,}
Domain/Alphabet: ¥ =411,2,...,k}
Constraints: C={m;:(i7) € E}
Constraint Type: mi; ¢ 2 — X (A bijection/permutation)
Satisfaction: Constraint 7;; is satisfied if z; = m;;(x;)
1
Objective: max — 1 [.Cl?j = WZJ(ZC?,)]
BN ‘E‘ =
(1,5)eE
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Unique Games Conjecture

:‘ Khot, 2002 : UGC

It's NP-HARD to distinguish between:
e highly satisfiable UG
e poorly satisfiable UG

Raghavendra, 2008

If UGC Is true,
SDP algos provide the best approx ratio for any CSP k
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What can we do in poly time?

=0.878..?
Raghavendra, 2008

< 0.941
HAstad, 2001

_—

0 1

>0.878
G&W, 1995
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Thanks for the Attention
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